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1.

Introduction

The aim of this work is to describe the possibility of generalizing the notion
of spectrum of commutative C ∗ -algebras to the non-commutative case and discuss
some its properties. Every commutative C ∗ -algebra is, roughly speaking, the same
as locally compact Hausdor space (via identifying it with the space of continuous
functions). This is no longer true for non-commutative algebras, however, there is
still a `dual' object corresponding to those algebras. Moreover, this object may be
regarded in many dierent ways which are all equivalent for commutative algebras.
We shall discuss why it is necessary to search for some substitutes of the classical
spectrum. We indicate the similarity between this topic and the theory of representations for locally compact topological groups. We also discuss probably the
broadest, reasonable class of C ∗ -algebras for which the elementary analysis of the
spectrum can be carried out and we point out that there are some classical examples
for which the eective analysis of the spectrum seems to be impossible. Finally, we
gather all necessary, measure-theoretic facts and notions in the appendix.
2.

Commutative case

Although this paper is mainly devoted to the investigation of non-commutative
algebras, we rst briey discuss some aspects of commutative C ∗ -algebras. The well
known Gelfand-Naimark theorem states that if A is a commutative C ∗ -algebra, then
A is ∗ -isomorphic to C0 (Λ) for some locally compact Hausdor space Λ. Moreover,
if A has a unit, then the space Λ turns out to be compact. We can identify the
space Λ with the spectrum of A, i.e. the set of all non-zero, linear, multiplicative
functionals (called
) equipped with the ∗ -weak topology (the topology of pointwise convergence). We denote this space by Â or Λ(A). Every such
functional ω gives rise to the maximal, two-sided ideal Iω = ker ω and vice versa:
every such ideal produces an element in Λ. The correspondence between commutative C ∗ -algebras and locally compact Hausdor spaces is
meaning that
the category of locally compact Hausdor spaces with continuous and
maps
is equivalent to the opposite category of the C ∗ -algebras with morphisms preserving approximate units. Similarly, the category of compact Hausdor spaces with
continuous maps is equivalent to the opposite category of unital C ∗ -algebras with
unital morphisms. For details see [2]. Although it may seem that the description
of spectra in the commutative case is rather simple, there are plenty of examples
of commutative C ∗ -algebras for which the spectrum is rather exotic:

linear characters

functorial

proper

1. Let X be an arbitrary set. We dene `∞ (X) to be the space of all bounded
functions f : X → C. Regarding X as a discrete topological space we see that
every x ∈ `∞ (X) extends uniquely to a continuous map dened on the Stone-ech
compactication βX of X , thus Λ(`∞ (X)) = βX . In particular, for `∞ := `∞ (N)
we have Λ(`∞ ) = βN. Each non-zero, linear, multiplicative functional on `∞ may be
identied with the limit with respect to an ultralter. We point out that those limits
are not invariant with respect to the shift operation (the property shared by Banach
1
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limit): if (xn )n∈N ∈ `∞ and ω ∈ βN, then it may happen that limω xn 6= limω xn+1 .
On the other hand, Banach limits are not multiplicative; to see this, consider two
sequences x := (0, 1, 0, 1, ...) and y := (1, 0, 1, 0, ...). Then, for any Banach limit
LIM we have

1 = LIM(x + y) = LIM(x) + LIM(y) = 2LIM(x),
so we get LIM(x) = 21 . However, xy = 0 and LIM(xy) = 0 6= LIM(x) · LIM(y) = 41 .
Notice that for every simple function (that is, a sequence taking only nitely many
values) any limit corresponding to an ultralter must be equal to one of the values
of the underlying function, which is plainly not true for Banach limits.
|X|

The space βX , for discrete X , is of huge cardinality, |βX| = 22 . It may be
identied with the space of all ultralters on X . Every point x of X corresponds
to a xed ultralter which is generated by the singleton {x}, while every point of
the remainder βX \ X is identied with a free ultralterthe existence of such is
guaranteed by the Tarski theorem which relies on the axiom of choice.
2. Let (X, Σ) be a measurable space and let A = L∞ (X, Σ) stand for the space
of all measurable bounded functions equipped with the supremum norm. One can
prove that Λ(A) coincides with the Stone space of the Boolean algebra (X, Σ) (see
for instance [18]). Note that each x ∈ X gives rise to an element of Λ(A) via the
formula δx (f ) := f (x); however, not every ω ∈ Λ(A) is of this form. It is also
worth mentioning that for the space X = [0, 1] considered with the σ -algebra B
of all Borel subsets of X and, alternatively, with the σ -algebra L of all Lebesgue
measurable subsets of X we obtain two non-isomorphic C ∗ -algebras, as their spectra
do not coincide. Moreover, neither ([0, 1], B) nor ([0, 1], L) are complete (as Boolean
algebras), hence their Stone spaces are not extremally disconnected and therefore
L∞ ([0, 1], B) and L∞ ([0, 1], L) are not W ∗ -algebras (recall that the spectrum of any
W ∗ -algebra is always extremally disconnected).
3. Now, for a measure space (X, Σ, µ) let A = L∞ (X, Σ, µ) be the space of
all equivalence classes of measurable, essentially bounded functions with the essential supremum norm. The spectrum of A is homeomorphic to the Stone space
of the so-called
of (X, Σ, µ) being the collection of all equivalence
classes of measurable sets where the equivalence is dened by saying that E ∼ F
i µ(E4F ) = 0. Even in the simple case, where X = [0, 1] and µ is the Lebesgue
measure, it is dicult to write an explicit formula for any ω ∈ Λ(A). If we assume
that the underlying measure is complete, then with the aid of the so-called
(see [18]) we may get a partial access to the form of the spectrum of A.
If µ is a σ -nite measure, then A is a W ∗ -algebra and its predual is L1 (X, Σ, µ).
Unlike in the previous example, both for Σ = B and Σ = L we obtain
C ∗ -algebras.

measure algebra

lifting

theorem

the same

In all the above examples (with the exception of some trivial choices of X ) the
constructed C ∗ -algebra is not separable, hence its spectrum is a nonmetrizable
compact space. The existence of plenty of projections in each of those C ∗ -algebras
corresponds to the fact that the spectrum is not a connected topological space.
Many other algebraical properties may be translated into appropriate topological
properties of the spectrum and vice versa. Therefore, the study of non-commutative
C ∗ -algebras leads to an extension of standard topologythis is the reason for referring to the theory of C ∗ -algebras as to
. Our aim is to
describe some properties of spectra of non-commutative C ∗ -algebras which can be
regarded as
.
If A is a commutative C ∗ -algebra, then the existence of maximal ideals in A may
be proved by using the commutativity of A. It is by no means obvious, whether

non-commutative spaces

non-commutative topology

SPECTRA OF NON-COMMUTATIVE

C ∗ -ALGEBRAS

3

for non-commutative C ∗ -algebra such ideals exist, hence the existence of non-zero,
linear, multiplicative functional is also not trivial.
2.1. Examples. 1. Let A = Mn (C) be the C ∗ -algebra of n × n complex matrices.
Then A is
i.e. it contains no non-trivial two-sided ideals which implies that
there are no linear non-zero characters on A, that is, Λ(A) = ∅. Note that still there
exists a non-trivial multiplicative (but non-linear) map, namely the determinant.
2. Let A = B(`2 ) be the C ∗ -algebra of all bounded linear operators acting on
the separable Hilbert space `2 . We dene three operators T1 , T2 , T3 ∈ A by the
formulas:

simple

T1 (x1 , x2 , x3 ...) = (x2 , x3 , x4 , ...),
T2 (x1 , x2 , ...) = (0, x1 , 0, x2 , 0, ...),
T3 (x1 , x2 , x3 ...) = (x1 , x3 , x5 , ...).
Notice that T3 T1 T2 = I and T1 T3 T2 = 0. Therefore, if ω is multiplicative, then
ω(I) = ω(0), thus ω is constant: ω(T ) ≡ 1 or ω(T ) ≡ 0. Hence, there is no nonzero linear and multiplicative functional on A. Obviously, one can replace `2 by
an arbitrary innite-dimensional Hilbert space. Note also that the above argument
does not work with only two operators; when T1 T2 = 0 and T2 T1 = I we have

T2 = IT2 = T2 T1 T2 = T2 0 = 0,
thus T2 T1 = 0 which gives a contradiction. Moreover, in every unital normed
algebra A it is impossible to nd x, y ∈ A such that xy − yx = e (see Chapter 13
in [27]). However, one can construct two
operators A, B satisfying this
relation (Example 13.5. in [27]). The possibility of such a construction is related
to the Heisenberg uncertainty principle.
3. Consider the shift operator S : `2 → `2 dened by the formula

unbounded

S(x1 , x2 , ...) := (0, x1 , x2 , ...).

Then S (x1 , x2 , x3 ...) = (x2 , x3 , x4 , ...). Hence, S ∗ S = I (thus, S is an isometry) but SS ∗ (x1 , x2 , x3 , ...) = (0, x2 , x3 , ...); in particular S is not a normal operator, so the C ∗ -algebra A generated by S is non-commutative. We claim that
A contains all compact operators. In fact, P1,1 := S ∗ S − SS ∗ ∈ A satises
P1,1 (x1 , x2 , x3 ...) = (x1 , 0, 0, ...) and P1,k := S k−1 P1,1 ∈ A acts as P1,k (x1 , x2 , ...) =
(0, ..., 0, x1 , 0, ...) where x1 occurs at the k -th place. Proceeding similarly, we infer that Pn,k := P1,k (S ∗ )n−1 ∈ A satises Pn,k (x1 , x2 , ...) = (0, ..., 0, xn , 0, ...), i.e.
Pn,k (x) = hx, en iek where (en )n∈N is the canonical basis of `2 . Therefore, every
rank-one operator of the form T (x) = hx, yiz belongs to A, because every such
operator is a norm limit of linear combinations of Pn,k 's. Consequently, every
nite-rank operator also belongs to A, hence A contains all compact operators.
Now, suppose ω : A → C is linear and multiplicative. Then ω is automatically
continuous and preserves involution, that is, ω(T ∗ ) = ω(T ). Therefore,
∗

and hence

ω(P1,1 ) = ω(S ∗ S − SS ∗ ) = |ω(S)|2 − |ω(S)|2 = 0

ω(Pn,k ) = (ω(S))k−1 ω(P1 , 1)(ω(S))n−1 = 0.
Consequently, ω vanishes on the C ∗ -algebra K(H) of all compact operators. It is
known that A/K(H) ' C(T), where T is the unit circle (see [22]). If f is the corresponding ∗-isomorphism, then all linear, multiplicative functionals are precisely of
the form ϕ(T ) = δt (f (π(T ))), where t ∈ T and π is the canonical projection onto
A/K(H)
4. Despite of the lack of linear, multiplicative funcionals on B(H) (H being a
separable Hilbert space), still there exist a maximal ideal in B(H), namely, the
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ideal of compact operators K(H). In fact, one can prove that if T ∈ B(H) is not
compact, then AT B = I for some A, B ∈ B(H). So, the space of all maximal
ideals is nonempty, whereas the 'classical' spectrum (understood as the set of all
characters) is! It is also worth mentioning what follows:
(1) Maximal ideals need not to be prime. In fact, one can nd two noncompact
operators A, B such that AB = 0just take A : `2 → `2 to be the projection
onto lin{e2i : i ∈ N} and let B = I − A.
(2) The theorem stating that I is a maximal ideal i A/I is a eld is no longer
valid in the non-commutative case. However, every eld contains no nontrivial ideals and this is still true for A/I when I is maximal. C ∗ -algebras
without nontrivial ideals are called
.

simple

Remarks.

2.2.
1. In fact, more is true: any non-zero ideal in B(H) contains all
nite-rank operators. Jointly with the above statement, and the fact that compact
operators are precisely norm limits of nite rank operators, this implies that K(H)
is the only two-sided norm closed ideal. However, there are plenty of other ideals
between the ideal of nite rank operators and the ideal of compact operators, the
so-called
(see [21], Chapter 11).
2. The quotient B(H)/K(H) is a very interesting C ∗ -algebra, the so-called
. The theory of Calkin algebra is related to the concept of
of
an operator. The Calkin algebra may be considered as a non-commutative analogue
of the corona of the Stone-ech compactication, βX \ X .
3. Translating ordinary topological statements into the language of commutative
C ∗ -algebras we may state that being a W ∗ -algebra implies that the underlying space
is zero dimensional, i.e. has many clopen sets. On the other hand, any closed set
Y ⊂ X determines a two-sided ideal of C(X) and, conversely, each (norm closed,
two-sided) ideal produces a closed subset Y of X . Thus, we may naivly think that
there ought to be many closed ideals in B(H), which we know is not the case. So,
in the case of non-commutative C ∗ -algebras we observe a phenomenon which does
not appear in the commutative cases.

Schatten classes
Calkin algebra

index

We have seen so far that the classical spectrum is inadequate when dealing with
non-commutative C ∗ -algebras. So, we shall look for some substitutes of linear
characters. One possible candidate is the notion of
. Recall that by a state
(on a given C ∗ -algebra) we mean any linear, positive funcional with norm one; the
space of all states on A will be denoted by S(A). The state is called
if it is an
extremal point of S(A). The space of pure states will be denoted by P (A). Some
equivalent denitions follow from the following simple facts:

state

2.3.

pure

Let A be a C -algebra with a unit e and let ϕ ∈ A . Then:
(1) If ϕ is positive, then ϕ is continous and kϕk = ϕ(e). In particular, a
positive functional ϕ is a state i ϕ(e) = 1.
(2) If ϕ(e) = 1 and kϕk = 1, then ϕ is positive.
Theorem.

∗

∗

In the case where A is non-unital we shall replace the condition ϕ(e) = 1 by
limα ϕ(eα ) = kϕk, where (eα )α is an approximate unit of A (every C ∗ -algebra
admits such an approximate unit and it is countable if A is separable; see [8]).
Note that each C ∗ -algebra admits at least one pure state (see, e.g., [2]). Hence,
P (A) is always non-empty, unlike the classical spectrum dened as in the commutative case. The space S(A) of all states turns out to be a compact Hausdor
space (provided that A is unital), but this is no longer true for the space of
states which may even fail to be locally compact! Moreover, the space of all pure
states is not a sucent tool to distinguish between C ∗ -algebras. For a simple example, just consider any non-commutative C ∗ -algebra A and the commutative algebra
B = C(P (A)). Then P (B) ' P (A) but obviously A and B are not isomorphic.

pure
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Remarks.

2.4.
1. From the above discussion one observes that the set of extremal
points of a compact set may fail to be compact. However, one do not need the very
abstract space as P (A)this phenomenon can happen even in the nite-dimensional
case; see [23].
2. For non-unital C ∗ -algebras the lack of compactness of P (A) is easy to obtain:
just set A = C0 (R); then P (A) ' R is locally compact, yet not compact.
The next example shows why the space of pure states may be regarded as a
generalization of the spectrum:

2.5. Examples. 1. Let A = C(X) be the space of complex valued functions on a
compact Hausdor space X . Then, by the Riesz representation theorem, the dual
space A∗ can be identied with the space of complex valued Radon measures on X
while S(A)with the space of all probabilistic measures. Finally, if the support of
such a measure has at least two points, then this measure can be expressed as a
convex combination of two probabilistic measures and thus, it does not correspond
to any pure state. Therefore, the space of pure states consists exclusively of Dirac
measures, P (A) = {δx : x ∈ X}. All Dirac's measures can be viewed as linear
characters via the formula δx (f ) =: f (x), and so in the commutative case we have
P (A) = Λ(A).
2. Now, let A = B(H) for a separable Hilbert space H . Fix a unit vector ξ ∈ H
and consider the map ϕξ : A 3 A 7→ hAξ, ξi. One easily verify that this formula
denes a state; any state of this form is called a
. Moreover, vector
states are always pure states, which is a special case of Theorem I.9.8 in [12], but
not every pure state is a vector state, as we shall explain below. Note also that if
ξn → ξ where ξn , ξ are unit vectors, then ϕξn → ϕξ , so we see that the space P (A)
contains a huge connected component. In particular, it is not zero dimensional, as
it is the case for commutative von Neumann algebras.
3. Let us identify the commutative C ∗ -algebra A0 = `∞ with the algebra of
diagonal operators on a separable Hilbert space H . The space of all pure states of
A0 is homeomorphic to βN, hence |P (A0 )| = 2c . Every pure state of A0 extends to
the pure state on the whole of B(H)
(this is true in much general context; see [8],

Lemma 4.1.7) and thus |P B(H) | = 2c . It should be also noted that the problem of
uniqueness of such extensions is related to the so called KadisonSinger hypothesis:
if we replace A0 by any closed C ∗ -algebra, then the answer is negative (there are
more then one possible extension). For A0 , as dened above, the answer is still
unknown. This problem is strongly related to some parts of discrete mathematics.
For further information, the reader is referred to [10, 9, 11].

vector state

representations

States are closely related to
of C ∗ -algebras. Namely, with each
state one can associate the so-called GNS representation (see [5, 8]). Let us note
some basic facts about representations which connect algebraical and topological
structures of C ∗ -algebras.
2.6.

Let π : A → B(H) be a representation. Then:
(1) π is continuous and kπk ≤ 1,
(2) if π is faithful then π is isometric,
(3) the image π(A) is norm closed in B(H)in particular, it is a C -subalgebra.
Theorem.

∗

The large supply of pure states on a given C ∗ -algebra A allows us to construct
a faithful (i.e. injective) representation of A, that is, to embed A as a closed
1
∗
-subalgebra
into B(H). This representation in
L
Lconstructed as the direct sum
πu := ϕ∈P (A) πϕ on the Hilbert space Hu := ϕ∈P (A) Hϕ . This representation
is called a
representation. Now, we sketch some instructive examples:

universal

1

Some authors consider the drect sum over all states, not necessarily pure
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2.7. Examples. 1. Let A = C(X) where X is a compact Hausdor space. Given a
state ϕ on A we consider the Hilbert space Hϕ that arises from the GNS construction. Then Hϕ ' L2 (X, µ) where µ is the probabilistic measure corresponding to
ϕ. In particular, for ϕ = δx we have Hϕ ' C, which is connected with the fact
that pure states induce
representations (dened below) and the fact that
irreducible representations of commutative C ∗ -algebras are one-dimensional.
2. If A is separable, then it is possible to consider only (at most) countable
collection of states to obtain an isometric embedding into B(H). Consequently, A
can be embedded into B(H) with H being a separable Hilbert space. Probably
the most important examples of separable C ∗ -algebras are C(X)-algebras with X
being metrizable and compact, and K(H)the algebra of compact operators on a
separable Hilbert space H .
3. Let A = B(H) where H is separable. Then, as we have seen before,
|P (A)| = 2c thus the Hilbert space dimension of Hu equals 2c and B(Hu ) is much
larger then A. What is interesting, A is a von Neumann algebra, but the ∗ -algebraic
image πu (A) in B(Hu ) is not closed in the weak operator topology! Moreover, it
w
occurs that the weak operator topology closure π(A) (or, equivalently, the double commutant π(A)00 ; recall the double commutant theorem of von Neumann) in
B(Hu ) is isomorphic to the second dual A∗∗ of A.
4. Sometimes it is possible to obtain a faithful representation from just one state;
recall that the state ϕ is called
if ϕ(x∗ x) = 0 implies x = 0. We claim that
the GNS representation πϕ obtained from a faithful state is faithful. Indeed, we
have
0 = kπϕ (x)k2 = kπϕ (x)∗ πϕ (x)k = kπϕ (x∗ x)k
meaning that πϕ (x∗ x) is the zero operator. Let Nϕ = {y ∈ A : ϕ(y ∗ y) = 0} be the
left ideal which occurs in the GNS construction2. Then, as πϕ (x)(y+Nϕ ) = xy+Nϕ ,
we have
0 = πϕ (x∗ x)(e + Nϕ ) = x∗ x + Nϕ .
Therefore, x∗ x ∈ Nϕ , that is, ϕ((x∗ x)∗ x∗ x) = 0 and, since ϕ is faithful, we get
x∗ x = 0, so kxk2 = kx∗ xk = 0. We point out that the converse is
true: the
GNS representation πϕ obtained from some state may be faithful, yet the state ϕ
need not to be. One of the most important examples of faithful states is the
(more precisely,
) which can be constructed in every nite von
Neumann algebra R, for example in the so called II1 factor (cf. the Chapter 6 in
[4]). The Hilbert space obtained from the GNS construction is then usually denoted
by L2 (R).
5. When dealing with a W ∗ -algebra A, then in our construction of a faithful
representation we can restrict ourselves to
states; these are states coming
from the predual of A. Then A is ∗ -isomorphic to a von Neumann algebra (see
[5]). Hence, the W ∗ -algebras is an abstract version of a weakly closed ∗ -subalgebra
of B(H), while C ∗ -algebras correspond to norm closed ∗-algebras of B(H). For
A = L∞ (X, Σ, µ), where µ is σ -nite, the predual is L1 (X, Σ, µ); for A = B(H) the
predual is T (H), the collection of all trace class operators (see [5]).

irreducible

faithful

not

the nite tracial state

trace

normal

In the rst of the above examples, we mentioned the so-called irreducible representation. To be precise, there are two concepts of irreducibility: algebraical and
topological. Here we gather all necessary denitions:
2.8.

2

Denition.

Let π : A → B(H) be a representation. Then π is called:
(1)
if π does not have any non-trivial closed invariant subspaces; if π does not have any non-trivial invariant subspace (not
necessarily closed), then it is called
;

topologically irreducible

This notation will be used hereinafter.

algebraically irreducible
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if there is a ξ ∈ H such that π(A)ξ = H , where π(A)ξ := {π(x)ξ :
x ∈ A}; we then call ξ a
vector;
(3)
if the only ξ ∈ H such that π(x)ξ = 0 for every x ∈ A is
the zero vector.
(2)

2.9.

cyclic

Examples.

(1) Every cyclic representation is non-degenerate. It follows
from the fact that π is non-degenerate i π(A)H = H . For, take any
ξ ⊥ π(A)H and notice that for all x ∈ A, η ∈ H we have

0 = hξ, π(x)ηi = hπ(x)∗ ξ, ηi = hπ(x∗ )ξ, ηi.

As η was arbitrary, we infer that π(x∗ )ξ = 0 for all x ∈ A and since A is
self adjoint, π(x)ξ = 0 for all x ∈ A. As π is assumed to be non-degenerate,
we conclude that ξ = 0. The converse may be proved in a similar way.
(2) If A is unital, with a unit e, and π(e) = I , then H = π(e)H ⊂ π(A)H and
hence π is non-degenerate. In particular, the universal representation πu
is non-degenerate. However, πu need not to be cyclic. To see this, take
A = B(H) with H separable. Then, as explained before, |P (A)| = 2c and
|Hu | = 2c but |πu (A)ξ| = |B(H)| = c and |π(A)ξ| = c. The same argument
goes through for dim H > ℵ0 . The above discussion shows that a faithful
representation need not to be cyclic and that the direct sum of cyclic (and
even irreducible) representations need not to be cyclic.
(3) Faithful representations need not to be non-degenerate; just take the embedding π : C → M2 (C), π(λ) = diag(λ, 0) and notice that 0 6= ξ = (0, 1)T
satises π(x)ξ = 0 for all x ∈ C.

Remark.

2.10.
It is fully legitimate to consider only non-degenerate representations.
In fact, we have shown that {ξ ∈ H : ∀x∈A π(x)ξ = 0} = π(A)H ⊥ and thus we can
restrict ourselves to the space H0 := π(A)H ⊥ , because this space is invariant (hence
reducing) for π(A).
As explained in the next theorem, the concept of algebraical irreducibility and
topological irreducibility are the same; for simplicity, in both of these two cases we
shall say that the considered representation is simply
. The criterion for
a representation to be irreducible is the following ([8], Theorem 3.13.2):

irreducible

Theorem. Let π : A → B(H) be a non-zero representation. Then, the following conditions are equivalent:
(1) π is topologically irreducible.
(2) The commutant of π is trivial: (π(A)) = CI .
(3) π(A) is dense in B(H) with respect to the strong operator topology.
(4) For any two unit vectors ξ, η ∈ H there is an a ∈ A such that π(a)ξ = η.
(5) Every 0 6= ξ ∈ H is cyclic for π.
(6) π is equivalent to some representation obtained from a pure state via the
GNS construction.
2.12. Remark. 1. From the above criterion it is easy to deduce that all irreducible
2.11.

0

representations of any commutative C ∗ -algebra are one-dimensional. Indeed, if A is
commutative, then so is π(A) and hence π(A) ⊂ (π(A))0 . Note that such representations are hardly ever faithful. For an example of an innite-dimensional, irreducible,
faithful representation, just consider the identity representation of B(H).
2. It is also immediate that every irreducible representation is cyclic (in particular non-degenerate). The converse is not true, since every representation associated
with a state ϕ is cyclic but irreducible are precisely those representations which are
obtained from a pure state.
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3. If A ⊂ B(H) is a concrete C ∗ -algebra, then all representations equivalent to
the identity representation are of the form π(T ) = U ∗ T U . Every such representation is a ∗ -isomorphism; this isomorphism is sometimes called
.
4. Let ϕ be a linear, multiplicative functional. Then ϕ(x∗ x) = |ϕ(x)|2 and
therefore the ideal Nϕ appearing in the GNS construcion is ker ϕ. Thus, Hϕ is
one-dimensional and any one-dimensional representation is obviously irreducible.
Therefore, ϕ is a pure state, so in fact pure states generalize linear characters.
5. On account of the above theorem we can construct a surjective map from
P (A) to the space Â of all equivalence classes of irreducible representations of A.
After introducing a suitable topology on Â this map turns out to be continuous
and open.

spatial

3.

Primitive ideals

We have seen that in the commutative case there is a one-to-one correspondence
between linear characters and maximal ideals. Moreover, we have seen that maximal ideals may exist despite of the lack of linear characters, as in the case where
A = B(H). So, the natural question arises whether it is possible to generalize the
concept of the spectrum in terms of ideals. However, the concept of the maximal
ideal has to be replaced by a more suitable property. The denition is as follows:

primitive

3.1. Denition. An ideal I ⊂ A is called
if it is the kernel of an irreducible
representation. The set of all such ideals is called the
of A or
of A and is denoted by Prim(A).

the structure space

primitive spectrum

Note that each maximal ideal is primitive but the converse is not true. The set
P rim(A) may be turned into a topological space as follows: for a set X ⊂ Prim(A)
we dene its closure by the formula
\
X := {a ∈ Prim(A) :
b ⊂ a}.
b∈X

In other words,
T we declare that the set X in Prim(A) is closed i every a ∈ Prim(A)
containing b∈X b belongs to X . This is sometimes called the
or the
. It is instructive to think about the Jacobson topology as
of a non-commutative generalization of the so-called
known from
abstract algebra and the theory of commutative rings. However, it turns out that
the structure space may fail to be even a T1 space, unlike in the case of commutative
rings and the Zariski topology.

hull-kernel topology
Zariski topology

Jacobson topology

3.2. Example. As we have already mentioned, for A = B(H), where H is separable
Hilbert space, there are only three norm closed, two-sided ideals in A, namely: a0 :=
{0}, a1 := K(H) and B(H). However, B(H) is not primitive by our agreement
that we are only interested in non-degenerate representations. The singleton {a1 }
is closed, while {a0 } is not (therefore it is dense), since always a0 ⊂ a for any ideal
a. Hence, Prim(A) is a nite, non-Hausdor topological space and contains no
interesting information about B(H). Note that the same argument applies to every
C ∗ -algebra that admits a faithful, irreducible representation; for such a C ∗ -algebra
the singleton consisting of the zero ideal forms a dense set. Thus, the structure
space turns out to be not a sucient tool to determine much information about a
given C ∗ -algebra in general, and so it cannot serve as an appropriate generalization
of the spectrum in the non-commutative case.
4.

Group representations

It is instructive to compare results on representations of C ∗ -algebras to the
theory of representations of topological groups. We briey discuss some aspects
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of this theory. Let G be a locally compact topological group, H be a separable
Hilbert space. We are interested only in
representations of groups, namely
continuous homomorphisms π : G → U (H) where U (H) stands for the set of all
unitary operators on H , equipped with the strong operator topology. If H is ndimensional, we denote U (H) by U (n) and in the case n = 1 we write T for U (1)
identifying the set of all scalar unitary operators with the unit circlewe say then
that π is a
. The set of all continuous characters on G, with
pointwise multiplication as the group operation, equipped with the topology of
uniform convergence on compact subsets, is denoted by Ĝ and it is again a locally
compact topological group called the
of G. We list here some basic
examples of dual groups:

unitary

continuous character

dual group

4.1. Examples. 1. Let G be a nite cyclic group, G = Zn . Then Ĝ ' G, i.e. G
is
. Moreover, for any two groups G1 , G2 we have (G1 × G2 )ˆ= Ĝ1 × Ĝ2 .
Combining these facts yields that for a nite abelian group G we have Ĝ ' G.
Note also that if we denote by Â the spectrum of a commutative C ∗ -algebra A,
then A ' C(Â) but (A1 × A2 )ˆ= Aˆ1 t Aˆ2 .
2. Another example of a self-dual group is the additive group of real numbers
G = R; every continuous character on R is of the form t 7→ eist for some real number
s. However, for the additive group of real numbers with the discrete topology the
dual group is the group of
homomorphisms and its cardinality equals 2c . In
c
fact, we can construct 2 additive maps a : R → R (as linear automorphisms of the
c-dimensional linear space R over the eld Q of rationals). Each additive function
gives rise to the character t 7→ eia(t) and we can ensure that distinct additive maps
lead to distinct characters. An interesting fact is that each discontinuous character
is automatically non-measurable. The space of all characters on R may be viewed as
the so called
of R which is a construction much in the same
spirit as the Stone-ech compactication, but in the category of topological groups.
It can be also viewed as the spectrum of the commutative C ∗ -algebra of continuous
functions. As this is not the main topic of our presentation, we
refer to [19] for further information.
3. For the innite cyclic group G = Z we have Ĝ ' T. It is the most basic
example of the following rule: the dual of any discrete abelian group is compact
and the dual of any compact abelian group is discrete.
4. For non-abelian groups it may happen that the dual group consists only of the
trivial character (identically equal to 1); the dual of every semi-simple connected
Lie group is trivial. Probably the most prominent example is the three-dimensional
unit sphere S 3 , viewed as the subgroup of the quaternions. This group can be also
viewed as SU (2), i.e. the group of all unitary matrices U with det U = 1.
The situation is quite similar to the C ∗ -algebraic setting: the (classical) spectrum
of any commutative C ∗ is always non-empty, whereas it may be empty in the noncommutative setting. A subtle dierence is that in the case of groups, we require the
trivial character to belong to the dual, in order to obtain an object still belonging
to the category of groups. Allowing the zero character to belong to the spectrum
in the C ∗ -algebraic setting would spoil the fact that spectrum is the subset of the
unit sphere.

self-dual

all

Bohr compactication

almost periodic

Suppose now that G is an abelian locally compact group. With each g ∈ G we
can associate Φg : Ĝ → T dened by Φg (χ) := χ(g)this construction reminds the
denition of the Gelfand transform or the canonical embedding of a Banach space
X into its second dual X ∗∗ . Unlike in the Banach space theory, it occurs that for
any abelian group G the second dual (Ĝ)ˆ is always isomorphic to G. This is the
statement of the celebrated van KampenPontryagin duality theorem (see Theorem
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24.2 in [15] for details). The case of non-abelian groups is much more dicult and
requires investigating all irreducible unitary representations of G; this is done in
the rst chapter of [16] and is due to Tannaka and Krein.
We now proceed to a description of a very important construction giving a link
between group representations and representations of C ∗ -algebras. Let G be a
discrete countable group and let H = `2 (G). We denote by CG the
of G, i.e. the set of all functions ξ : G → C with nite supports. We dene a
multiplication on CG as the convolution:
X
(ξ ∗ η)(g) :=
ξ(g1 )η(g2 )

group algebra

g1 g2 =g

and the ∗-structure is given by dening ξ ∗ (g) := ξ(g −1 ). Note that under the identication of elements from the group with corresponding functions in CG, namely
δg ' g , the convolution product is nothing else but the natural extension of the
group operation onto the whole of CG. Dene π : G → U (H) to be the
which is given by the shift operator:

left regular

representation

(π(g)ξ)(h) = ξ(g −1 h).
We can naturally extend π to CG obtaining an injective ∗ -homomorphism.
4.2.

(1) The norm closure of π(CG) in B(H) is called the reduced
group C -algebra and is denoted by C (G).
(2) The full group C -algebra is dened as the completion of π(CG) with re-

Denition.

∗

∗

∗
r

spect to the norm kξkf := sup{kπ(ξ)k : π is a *-representation of CG} and
is denoted by C ∗ (G).
(3) The bicommutant (π(A))00 is called the
of G
and is denoted by W ∗ (G).

group von Neumann algebra

Remark.

4.3.
At the rst sight it may seem that C ∗ (G) is 'smaller' than Cr∗ (G),
as it is a completion with respect to a stronger norm. However, it is not the
case: the identity mapping id : (π(CG), k · kf ) → (π(CG), k · k) is continuous and
therefore extends to a continuous ∗-homomorhism J : (C ∗ (G), k·kf ) → (Cr∗ (G), k·k).
The range of this mapping contains π(CG) and is closed, by a theorem similar to
Theorem 2.7. Therefore, J is onto, however, it may happen that J is not injective.
This phenomenon is described in [20] in Chapter 1, Section 3 (however, it is done
not in the context of C ∗ -algebras, but rather in the context of Hilbert spaces).
4.4.

Theorem.

Cr∗ (G) ' C ∗ (G)

amenable

if and only if the group G is amenable

Recall that
group is the group which admits positive left invariant
(eq. right invariant) mean λ : `∞ (G) → C. Examples of amenable groups include
compact and abelian groups (more general: solvable and even virtually solvable
groups). The most prominent example of non amenable group is the free group
with n > 1 generators.

Example. Let G be a (non-trivial) i.c.c. group (this abreviation stands for
innite conjugacy classes), that is, we assume that for each g 6= e the set {hgh :

4.5.

−1

h ∈ G} is innite. Then the group von Neumann algebra of G turns out to be a
factor of type II1 (the converse is also true). Examples of i.c.c. groups are free
groups Fn with n > 1 generators and Π, the group of all permutations of Z which
x all but nite number of elements of Z. The group von Neumann algebra of Π is
the (unique)
II1 factor and is non-isomorphic to W ∗ (Fn ) for any n > 1.
Note also that due to the Cayley theorem, the group Π contains all nite groups.

hypernite
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of compact operators

Most classes of operators acting on a Hilbert space (e.g. self adjoint, normal,
unitary, isometric operators, projections etc.) can be characterized in a purely algebraic way. However, such a characterization is not possible for compact operators:
5.1. Example. Let A = B(H) and P ∈ A be a rank-one projection. Then
L P is
obviously compact. Consider the mapping π : A → B(K) (where K = Li∈I Hi
with each Hi = H and I being innite) dened by the formula: π(T ) := i∈I T .
Then π is a faithful representation but π(P ) is a projection with innite rank, and
therefore it is not compact.
This example suggests that investigating representations of C ∗ -algebras of compact operators may lead to serious diculties. Fortunately, one can give a satisfactory description of representations of such algebras. The main technique in this
context involves
.

minimal projections
5.2. Theorem. Let A ⊂ K(H) be a C -algebra and π be a non-degenarate representation of A. Then there exists an orthogonal family {π } of subrepresentations
of π with the following properties:
(1) each π is irreducible;
(2) each π is equivalent to some subrepresentation of the identity representation;
(3) π = L π .
∗

i i∈I

i

i

i∈I

i

If we take A = K(H), then the identity representation is irreducible (since every
non-zero vector is cyclic) and thus each πi appearing in the above theorem satises
πi ∼ id. Moreover, if π is already irreducible, then |I| = 1 and π ∼ id. Therefore,
we obtain the following:
5.3.

(1) Every representation of K(H) is equivalent to the multiple
of the identity representation.
(2) There is only one, up to unitary equivalence, irreducible representation of
K(H), namely, the identity representation.
Corollary.

From the above results one can derive the form of possible ∗ -isomorphisms of A,
where A is the C ∗ -algebra K(H) of compact operators, or A = B(H). However,
the latter case requires some additional facts concerning extensions of irreducible
representation. It turns out that any such ∗ -isomorphism is
. More precisely,
we have the following:

spatial

If α : K(H ) → K(H ) is a -isomorphism, then there exists a
unitary operator U : H → H such that α(T ) = U T U . The same is true if we
replace K(H ) by B(H ).
Proof. If α : K(H ) → K(H ) is a -isomorphism, then α is surjective and
5.4.

Corollary.

1

1

i

2

2

∗

∗

i

1

2



∗

α(K(H1 ))

0

0
= K(H2 ) = CI

and thus α may be viewed as an irreducible representation. Therefore, it is equivalent to id and the conclusion follows.
Now, if α : B(H1 ) → B(H2 ) is a ∗ -isomorphism, then again it is an irreducible
representation. One can show that the restriction of an irreducible representation to
any ideal is again irreducible, thus α0 := α|K(H1 ) is irreducible and α0 (T ) = U T U ∗
for some unitary U . Dene β : B(H1 ) → B(H2 ) by the same formula: β(T ) =
U T U ∗ . Then β is irreducible and extends α0 , so in view of the fact that such an
irreducible extension is unique we infer that α = β .
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In Example 5.1 we have seen that the image of a compact operator under some
representation may fail to be compact. However, the representation appearing in
that example is plainly not irreducible. Thus, we may still hope to say something
about elements of A that are mapped to compact operators under every
representation. This leads to a certain important class of C ∗ -algebras:

irreducible

5.5. Denition. A C ∗ -algebra A is called CCR if for every irreducible representation π its image π(A) consists of compact operators.
5.6. Examples. 1. Any commutative C ∗ -algebra A is CCR, since every its irreducible representation is one-dimensional. Note that A need not to consist of
compact operators; just take A = C[0, 1] acting as multiplication operators. The
point is that the identity representation is not irreducible in this case.
2. The C ∗ -algebra A of compact operators is CCR, since the identity representation is the only one irreducible representation (up to equivalence).
3. Consider the C ∗ -algebra A generated by the shift operator (see the third
example from 2.1). Since S has no non-trivial reducing subspaces, the identity representation is irreducible. But S is non-compact, therefore A is
CCR. However,
roughly speaking, A is not too bad and still there is much to say about its spectrum.

not

Thus CCR algebras generalize both commutative C ∗ -algebras and C ∗ -algebra
of compact operators. It turns out that they share some nice properties with
commutative C ∗ -algebras.
5.7.

Let A be CCR algebra. Then:
(1) the kernel of any irreducible representation is a maximal ideal of A;
(2) any irreducible representation of A is determined by its kernel.
Proposition.

This proposition may be paraphrased: every primitive ideal is automatically
maximal and therefore the space Prim(A) is T1 . Unfortunately, still it may happen
that the space Prim(A) is not Hausdor. Note also that none of the above properties
remains true for general C ∗ -algebras; the C ∗ -algebra B(H) is the most natural
counterexample (see the last section). However, a similar result may be proved in
a more general situation.
For a C ∗ -algebra A and its irreducible representation π on H , let us dene
Kπ := {x ∈ A : π(x) ∈ K(H)}. Then
Kπ is a two-sided, norm closed ideal of A
T
containing ker π . Let CCR(A) = π Kπ , where the intersection is taken over all
irreducible representation. Then CCR(A) is an ideal of A (possibly 0) and it is a
CCR C ∗ -algebra in its own right; CCR(A) is the largest CCR ideal in A.
5.8. Denition. A C ∗ -algebra A is called GCR whenever for any ideal J ⊂ A, J 6= A
we have CCR(A/J) 6= 0.

Suppose that π is a non-zero irreducible representation of A/J. Then π composed
with the canonical projection A → A/J is again irreducible, so if the underlying
algebra A is CCR, so is A/J. Therefore, any CCR algebra is GCR, but the converse
is false. The correspondence between (the classes of) irreducible representations and
primitive ideals can be extended also for GCR algebras, due to the following result:

Let A be a GCR algebra. Then:
(1) for any irreducible representation π on a Hilbert space H we have K(H) ⊂
π(A);
(2) if π and π are irreducible representations with the same kernel, then π ∼
π .
5.10. Remark. Each of the above conditions is in fact equivalent for a C -algebra to
5.9.

Theorem.
1

2

1

2

∗

be GCR, however, the proofs are much more complicated: for the rst condition it
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was done rst in the separable case by Glimm and, independetly, by Dixmier and
the general case was treated by Sakai.
6.

The Borel structure of spectrum

We have seen so far that, for certain reasons, both P (A) and Prim(A) are not
sucent in order to describe non-commutative C ∗ -algebras. The last way in which
the spectrum can be dened is the way involving representations: we dene the
spectrum Â of A to be the set of all classes of irreducible representations of A.
Various topologies on Â may be dened (see [13]). Although Â turns out to be
a compact space, there is still a problem with separation axioms, namely, it may
happen that Â is not a Hausdor space. Due to this fact, we will focus only on the
measure-theoretic aspect of the spectrum, instead of regarding it purely from the
topological point of view. From now on, A will stand for a
C ∗ -algebra.
In this case, we can restrict ourselves to irreducible representations on
Hilbert spaces. In fact, if A is separable, so is the Hilbert space Hϕ obtained from
the GNS construction starting from the state ϕ (since the GNS-norm is weaker than
the norm in A). In particular, this argument can be applied to GNS constructions
obtained from pure states and therefore each irreducible representation acts on a
separable Hilbert space. We shall now describe how the Borel structure on Â is
dened. Denote by Hn the n-dimensional Hilbert space, where n ∈ N ∪ {∞} (here
∞ = ℵ0 ) and by rep(A, Hn ) the space of all representations π : A → B(Hn ). Equip
this space with the following metric: choose a dense set {xk }k∈N (resp. {ξk }k∈N )
in the unit ball of A (resp. Hn ) and dene

separable

d(π1 , π2 ) :=

∞
X

k,m=1

separable

2−(k+m) kπ1 (xk )ξm − π2 (xk )ξm k.

This formula is well dened (the above series is convergent) and it can be easily
checked that it denes a metric on rep(A, Hn ). Moreover, rep(A, Hn ) becomes a
complete metric space which has a countable base (i.e. is separable). Therefore,
rep(A, Hn ) turns out to be a Polish space. By irr(A, Hn ) we denote the set of all
irreducible representations π : A → Hn . The answer to the question how irr(A, Hn )
is embedded into rep(A, Hn ) is contained in the following result:

(1) The set of all non-degenerate representations ⊂ rep(A, H )
is G in rep(A, H ).
(2) The set irr(A, H ) is G in rep(A, H ). Therefore, it is completely metrizable and thus becomes a Polish space in its own right.
6.2. Remark. We have used the fact that any subset of a complete metric space is
6.1.

Theorem.

n

δ

n

n

δ

n

completely metrizable i it is Gδ . The class of Gδ sets in a metric space contains
open (always) and closed (this is no longer true for non-metrizable spaces) sets, but
obviously not all Gδ sets are of this form. Probably the simplest example is the set
R\Q of irrationals. Note also that this set is not complete in the standard euclidean
metric, however, one can modify this metric to get an equivalent one in which R \ Q
is complete. This shows that completness is topological (but not metric) invariant.
Having dened the topological structure on irr(A, Hn ), we can speak about a
Borel structure on this space. We have a natural equivalence relation on irr(A, Hn )
dened by π1 ∼ π2 i π and π2 are unitarily equivalent. Dene Aˆn := irr(A, Hn )/ ∼
P
and nally set Â := n∈N∪{∞} Aˆn to be the direct sum of Aˆn 's. Therefore, Â is
the disjoint sum of
of standard Borel spacesobviously, this does not
imply that Â is a standard Borel space itself. However, it turns out, that for GCR
algebras it is the case.

quotients
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(1) Let A be a separable GCR algebra and n ∈ N ∪ {∞}. Then
the canonical projection π : irr(A, H ) → Â admits a Borel cross section.
(2) Â is a standard Borel space
6.4. Remark. It is known that for C -algebras which are not GCR spectra behave
6.3.

Theorem.

n

n

n

∗

patologically in the sense that they do not admit absolutely mesasurable cross
sections. In particular, such a spectrum is not countably generated and cannot
be a subspace of any Polish space. This suggest that the class of GCR algebras
is probably the broadest class of C ∗ -algebras for which the eective analysis of its
spectrum can be done.
7.

Two classical examples

We now discuss two examples of classical C ∗ -algebras for which the structure of
the spectrum seems to be beyond our current knowledge.
7.1. Examples. 1. Consider the Calkin algebra A = Calk(H). Since there is the
only one norm closed, two-sided ideal of B(H), the Calkin algebra is
(it
contains no proper, two-sided, closed ideals). The kernel of any representation is
such an ideal, hence any non-zero representation of A is automatically faithful. The
natural question arises whether it is possible to construct such a representation on a
separable Hilbert space. The answer is negative! It is a conseqence of the following
combinatorial result:

simple

There exist an uncountable family F of innite subsets of N with the
property that for all distinct A, B ∈ F the intersection A ∩ B is a nite set.
Proof. It is irrelevant which countable set we choose instead of N. For the desired

7.2. Lemma.

family we may take the collection of all injective and convergent sequences consisting
of rational numbers (regarded as sets rather than sequences).


For each subset A ⊂ N denote by PA : `2 → `2 the orthogonal projection onto
lin{ei : i ∈ A}. Constructing a family F as above we obtain an uncountable family
of projections which dier only by nite-rank (therefore, compact) perturbations.
This gives us an uncountable family of mutually orthogonal projections in A. Hence,
in particular, each Hilbert space constructed from the GNS construction for A is
non-separable.
The spectrum of A has cardinality 2c . Indeed, notice that under the natural
identication we have `∞ /c0 ⊂ A. But `∞ /c0 ' C(βN \ N), so it contains 2c pure
states. Each such state can be extended to whole of A. To nish the argument we
need the following result:

7.3. Theorem. Let π , π be two GNS representations of A obtained from some
states ϕ and ϕ , respectively. Then, π and π are equivalent i there exists a
unitary element U ∈ A such that ϕ (A) = ϕ (U AU ) for A ∈ A.
1

1

2

2

1

1

2

∗

2

Consequently, every pure states produces only c equivalent irreducible representations, hence there are 2c non-equivalent irreducible representations.
2. Now, we will investigate the algebra B(H) where H is separable. Suppose
that π : B(H) → B(H0 ) is a (non-zero) representation on another separable Hilbert
space H0 . There are only two possibilities: kerπ = {0} or kerπ = K(H). If
kerπ = K(H), then π induces a (non-zero) representation π̃ : Calk(H) → B(H0 )
on a separable Hilbert space, which gives a contradiction. To show that there is
only one (up to unitary equivalence) representation on a separable Hilbert space,
we will need some facts which can be easily derived from results of [3, 4] (Chapters
4 and 10):
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7.4. Theorem. Each pure state on B(H) is either of the form ϕ (A) = hAξ, ξi,
with a unit vector ξ ∈ H , or it vanishes on the set of all compact operators K(H).
ξ

It is immediate that each two vector states are equivalent and if a pure state ϕ
vanishes on K(H), then it is not equivalent to any vector state. So, vector states
produce only one class of irreducible representations. The obvious guess is that the
GNS construction for any vector state leads to a representation which is equivalent
to the identity representation; it can be shown by direct calculations or by using
the following fact (slightly simplied Proposition 4.5.3. from [3]):

Theorem. If π : A → B(H) is a cyclic representation and π is the GNS
representation associated with the state ϕ = ϕ ◦ π, where kξk = 1 is some unit
vector of H , then π and π are equivalent.

7.5.

ϕ

ξ

ϕ

This result applied to π = id implies that the GNS representation of any vector
state is equivalent to the identity representation. Note that the above argumentation can be used to show that vector states are pure (since the identity representation is irreducible). To see that it is the only irreducible representation (up
to equivalence) on a separable Hilbert space, note that if ϕ is a pure state that
vanishes on K(H), then K(H) ⊂ Nϕ . Hence, for the GNS representation πϕ and
K ∈ K(H) we have KA ∈ Nϕ for any A ∈ B(H), and so

πϕ (K)(A + Nϕ ) = KA + Nϕ = 0.

Thus, K(H) ⊂ kerπϕ and πϕ cannot be a representation on a separable Hilbert
space. Now, it remains to appeal to Theorem 7.4.
8.

Appendix

We will now gather some facts concerning Borel and analytic spaces: all of these
results are independent from the previous considerations. Suppose that a Polish
space P is given. Then there is the natural σ -algebra on P consisting of Borel
sets, i.e. σ -algebra B generated by open (eqv. closed) sets. Being a σ -algebra, B
is closed under countable unions and intersections, however, it turns out that the
continuous image of a Borel set may fail to be Borel.
8.1.

Denition.

analytic

(1) A ⊂ P is called
if there exist a Polish space Q
and a continuous function f : Q → P such that A = f (Q).
(2) C ⊂ P is called
if C = P \ A where A is analytic.
(3) E ⊂ P is called
i for every nite Borel measure µ
there exist Borel sets B1 , B2 such that B1 ⊂ E ⊂ B2 and µ(B2 \ B1 ) = 0.

coanalytic
absolutely measurable

(1) Each Borel set is analytic: in fact, for a Borel set B ⊂ P one can nd a
Polish space Q and a continuous
function f : Q → P such that
B = f (Q).
(2) Among Polish spaces, the space N∞ with the product topology plays a
special role: it is universal in the sense that for each Polish space P there is
a continuous and open mapping f : N∞ → P which is surjective. It is worth
mentioning that the space N∞ is homemorphic to the space of all irrational
numbers. In the class of compact metric spaces the same universal property
is shared by the Cantor set.
(3) There exist analytic subsets of a Polish space which are not Borel; see, e.g.,
[24].
(4) As a consequence of the so-called
one can show that
every analytic set A such that P \ A is also analytic must be Borel. Therefore, each analytic set which is not Borel has the property that P \ A is
analytic. This justies the need of introducing a denition of coanalytic
sets. In particular, we see that analytic sets do not form a σ -algebra.

injective

separation theorem

not
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(5) Every analytic set is absolutely measurable and since absolutely measurable
sets form a σ -algebra, every coanalytic set is also absolutely measurable.
All the above denitions are
in the sense that they determine certain
classes of subsets of any given Polish space. However, it is a common situation
that we have to work with a certain abstract space, not requiring that it is subset
of a Polish space. So, suppose that we have a set X together with an (abstract!)
σ -algebra B . We will call (X, B) a
. A Borel space is called
whenever it is isomorphic to the family of all Borel subsets of some Polish space;
it is called
whenever it is isomorphic to the family of all analytic subsets
of some Polish space. A Borel space (X, B) is called
if there is
a sequence E1 , E2 , ... of Borel sets such that the family {χEn }n∈N separates points
of X . If, moreover, such a sequence generates B as a σ -algebra, then X is called
. We will now describe how certain classes of sets (or spaces)
behave under continuous and Borel functions.
(1) We already know that a continuous image of a Polish space may fail to be
Borel. However, if P, Q are Polish spaces and f : P → Q is a continuous
and
mapping, then f (P ) is a Borel subset of Q. It follows that
every such function maps Borel sets to Borel sets.
(2) The previous result may be extended to Borel maps as follows: if f : X → Q
is an injective Borel map from the standard Borel space X into a Polish
space Q, then f (X) is a Borel subset of Q. In particular, X is isomorphic
to the Borel set f (X).
(3) If X is an analytic Borel space, Q is a Polish space and f : X → Q is a
Borel mapping, then f (X) is analytic.
(4) A slightly more general fact is also true: if X is an analytic Borel space, Y
is a countably separated Borel space and f : X → Y is a Borel map
Y , then Y is also an analytic Borel space.
(5) Suppose that X is a subset of a Polish space P . Then X is a Borel set in P
i X is the standard Borel space (in its relative structure). The same is true
if the word 'Borel' is replaced by 'analytic'. Therefore, having constructed
an analytic subset A ⊂ P which is not Borel, we can regard A as an analytic
Borel space which is not standard.
(6) A Borel space X is a subspace of a Polish space P if and only if it is
countably generated.
(7) There is only one uncountable standard Borel space up to isomorphism (the
interval [0, 1] is a good representative), however, it is not true for analytic
Borel spaces. In particular, each set B of cardinality less than c cannot be
Borel.
Most of constructions known from topology, may be adapted in the measuretheoretic framework. One particular example of this is the denition of the Borel
structure on a quotient space. Suppose that ∼⊂ X × X is an equivalence relation
in a Borel space X . Borel sets in X/ ∼ are precisely those sets E for which the
inverse image π −1 (E) is a Borel set in X . As in the case of topological spaces, some
good properties of Borel spaces may be spoiled by taking the quotient. However,
there are situations when the quotient X/ ∼ as good as the Borel space X :

internal

analytic

Borel space

standard

countably separated

countably generated

injective

onto

is
8.2. Theorem. Suppose that X is an analytic Borel space and ∼ is an equivalence
relation ∼⊂ X × X with the following property: there is a sequence {f } of
(complex valued) functions, such that for any x, y ∈ X one has x ∼ y ⇐⇒ f (x) =
f (y) for any n ∈ N. Then X/ ∼ is also an analytic Borel space.
n n∈N
n

n

There are convenient conditions upon Borel spaces which guarantee being regular
or not being expressed in terms of the existence of the so-called Borel cross-sections:

SPECTRA OF NON-COMMUTATIVE

C ∗ -ALGEBRAS

8.3. Denition. If f : X → Y is onto, then g : Y → X is called a
f provided that f ◦ g = idY .
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cross section for

Since f is onto, the inverse image f −1 ({y}) is non-empty for each y ∈ Y and,
with the aid of the axiom of choice, one can dene g(y) to be any point in f −1 ({y}).
Therefore, the existence of cross sections follows from the axiom of choice. However,
we shall want to get cross sections that are regular in some sense (continuous,
Borel, absolutely measurable etc.) Now, we will list some sucient conditions for
the existence of certain cross sections and explain how this problem is related to
regularity of the spaces considered.
(1) The following is a sucent condition for the existence of a Borel cross
section:

Theorem. Suppose that f : P → Y is onto, where P is a Polish space
and Y is a Borel space, and satises the following conditions:
(a) for ony open set U ⊂ P its image f (U ) is Borel in Y ;
(b) for every y ∈ Y its inverse image f ({y}) is closed in P .
Then f admits a Borel cross section.
Note that any Borel bijection between P nad Y satises the conditions

8.4.

−1

of the preceding theorem (in particular, if Y is also a topological space and
f is continuous).
(2) The existence of cross section for a mapping f : X → Y implies some kind
of regularity of Y .

8.5. Theorem. Let X, Y be Borel spaces, where X is a standard Borel
space, and let f : X → Y be a Borel surjection. Suppose that there exists
a Borel cross section g : Y → X for f . Then, Y is also a standard Borel
space.

In particular, when Y is an analytic Borel space which is not standard,
then any surjection f : X → Y does
admit any Borel cross section.
(3) The following question arises naturally: if X, Y are analytic Borel spaces
and f : X → Y is a Borel surjection, must f admit any Borel cross section?
It occurs that the answer is negative even if we assume X and Y to be
standard Borel spaces; a counterexample is known for which X is a Borel
subset of [0, 1]2 and f : X → [0, 1] is given by f (x, y) = x.
(4) When considering
cross section, one nds out that in
many situations such a function does exist.

not

absolutely measurable

Theorem. Suppose that two Borel spaces X and Y are given, where
is analytic and Y is countably separated. Let f : X → Y be a Borel map
onto Y . Then f has an absolutely measurable cross section

8.6.
X

Therefore, if a projection π : X → X/ ∼, dened on an analytic Borel
space X , has no Borel cross sections, then X/ ∼ is not even countably separated. Such a situation takes place for X = T and ∼ being the equivalence
relation dened by saying that z1 ∼ z2 if and only if z1 = eikα for some
k ∈ Z, where α is a xed angle not being a rational multiple of π .
References

[1] B. Blackadar, Operator Algebras. Theory of C ∗ -algebras and von Neumann Algebras,
Springer-Verlag, Berlin, 2006.
[2] M. Khalkhali Basic non-commutative Geometry European Mathematical Society 2009
[3] R. V. Kadison and J. R. Ringrose, Fundamentals of the theory of the operator Algebras,
volume 1, Academic Press, New York, 1983.

18

ADAM WEGERT

[4] R. V. Kadison and J. R. Ringrose, Fundamentals of the theory of the operator Algebras,
volume 2, Academic Press, London, 1986.
[5] S. Sakai, C ∗ -algebras and W ∗ -algebras, Springer-Verlag, Berlin, 1971.
[6] J. T. Schwartz, W ∗ -algebras, Gordon and Breach, Science Publishers Inc., New York, 1967.
[7] M. Takesaki, Theory of Operator Algebras I, Springer-Verlag, Berlin, 2002.
[8] G.K. Pedersen, C ∗ -algebras and their automorphism groups, Academic Press, London, 1979.
[9] V.I. Paulsen, Three approaches to Kadison Singer Mathematics Subject Classication 2000.
[10] P.G Cassaza, M. Fickus, J.C. Tremain, E.Weber, The Kadison-Singer problem in mathematics and engineering: a detailed account Operator Theory, Operator Algebras and Applications, Contem. Math. 414, Amer. Math. Soc. Providence 2006, 299-355.
[11] N. Weaver, The Kadison-Singer Problem in discrepancy theory Discrete Mathematics 278
(2004), 227-239.
[12] K.R. Davidson, C ∗ -algebras by example, American Mathematical Society, Providence, 1991.
[13] J. Dixmier, C ∗ -algebras, North-Holland Publishing Company, Amsterdan, 1977.
[14] W. Arveson, An invitation to C ∗ -algebras, Springer Verlag, New York, 1976.
[15] E. Hewitt, K. Ross Abstract Harmonic Analysis volume 1, Springer Verlag, New York, 1979.
[16] E. Hewitt, K. Ross Abstract Harmonic Analysis volume 2, Springer Verlag, New York, Berlin
1997.
[17] D. Fremlin Measure theory volume 2, Torres Fremlin, Colchester 2001.
[18] D. Fremlin Measure theory volume 3, Torres Fremlin, Colchester 2001.
[19] A. Besicovitch Almost periodic functions Dover Publications Inc. 1954.
[20] Y. Berezansky, Y. Kondratiev Spectral Methods in Innite Dimensional Analysis I Kluwer
Academic Publishers, Dordrecht/Boston/London 1995.
[21] M. Birman, M. Solomjak Spectral theory of self adjoint operators in Hilbert Space D. Riedel
Publishing Company, Dordrecht/Boston/Lancaster/Tokyo 1987.
[22] L. Coburn The C ∗ -algebra generated by an isometry Bull. Amer. Math. Soc. Volume 73,
Number 5, 1967, 722-726.
[23] B. Simon Extreme points and the Krein-Milman theorem Cambridge University Press 2011
[24] K. Kuratowski Topology, vol.1 Academic Press, New York, 1966.
[25] R. Engelking Topologia Ogólna PWN, Warszawa 1975.
[26] L.Bunce, C-H.Chu Unique extension of pure states of C ∗ -algebras Journal of Operator Theory 39, 1998, 319-338
[27] W. Rudin Funcional Analysis PWN, Warszawa 2011

