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Streszczenie
Prezentowana rozprawa dotyczy struktur silnych symplektycznych foldów (SSF)
na rozmaito±ciach. Silne symplektyczne foldy to rozkªady rozmaito±ci na sum¦
dokªadnych rozmaito±ci symplektycznych o wypukªych brzegach, takich »e struktury kontaktowe indukowane na brzegach si¦ zgadzaj¡.
Rozwa»amy zagadnienie istnienia struktur SSF na rozmaito±ciach. Prezentujemy dwie metody konstrukcji struktur SSF: u»ywaj¡c argumentu chirurgicznego oraz przy pomocy wypukªych hiperpowierzchni w rozmaito±ciach kontaktowych.
Co wi¦cej, rozwa»amy mo»liwe modykacje denicji strutury SSF. Badamy
struktury SSF na rozmaito±ciach z brzegiem, a nast¦pnie u»ywamy tych struktur, aby zdeniowa¢ i zbada¢ SSF kobordyzmy mi¦dzy rozmaito±ciami kontaktowymi.

Ponadto rozwa»amy struktury SSF, w których rozkªadzie rozmaito-

±ci symplektyczne mog¡ mie¢ zarówno wypukªe jak i wkl¦sªe brzegi.

Dowo-

dzimy istnienia takich struktur na zamkni¦tych orientowalnych rozmaito±ciach
wymiaru

4.

Wreszcie badamy wªasno±ci struktur SSF kontaktowych, czyli struktur kontaktowych indukowanych na produkcie rozmaito±ci SSF z okr¦giem.
kujemy takie struktury w wymiarze
odpowiadaj¡cej im
niezmienniczej

2-dystrybucji

2-dystrybucji

3

Klasy-

z dokªadno±ci¡ do klasy homotopii

i dowodzimy, »e ka»da klasa homotopii

S1-

zawiera struktur¦ SSF kontaktow¡. Ponadto ba-

damy wypeªnialno±¢ struktur SSF kontaktowych, podaj¡c przykªady zarówno
wypeªnialych jak i niewypeªnialnych klas takich struktur.

v

Abstract
In this thesis, we study strong symplectic fold (SSF) structures on manifolds, i.e.
decompositions of manifolds into exact symplectic pieces convex along boundaries such that the contact structures induced on the boundaries agree.
We study the existence question for SSF structures. We present two ways
of constructing an SSF structure: using surgery technique and via the notion of
convex hypersurfaces in contact manifolds.
What is more, we consider possible modications of the denition of SSF
structures.

We examine SSF structures on manifolds with boundary and we

use this notion to dene and study SSF cobordisms between contact manifolds.
Moreover, we consider SSF structures, where symplectic pieces are allowed to
have both convex and concave boundaries.
structures in dimension

We prove the existence of such

4.

Finally, we examine properties of SSF-contact structures - contact structures
induced on products of SSF manifolds with

S1.

We classify SSF-contact struc-

3 up to homotopy of the corresponding 2-distributions and we
prove that for a given oriented surface Σ there exists an SSF-contact structure
1
1
on Σ × S in every homotopy type of S -invariant cooriented 2-distributions.
tures in dimension

Moreover, we study llability of SSF-contact structures. We give examples of
both llable and non-llable classes of SSF-contact manifolds.

vii

Acknowledgement
I would like to express my special appreciation and thanks to my advisor Bogusªaw Hajduk for introducing me to the world of contact and symplectic topology. I am very grateful for his guidance and support.
Part of this research took place during academic internships at the Humboldt
University of Berlin and at the University of Warsaw under supervision of Klaus
Mohnke and Andrzej Weber. I am grateful for their hospitality and inspiring
discussions.
I would like to thank my family for their support and for always being by
my side. I am especially grateful to my husband Jan Chorowski for his love and
encouragement.
Finally, I would like to thank my friends Agata Nieckula, Karolina Konieczna,
Sandra ucarz, Jacek Szwarc and Jakub Statkiewicz for their laughter and joy.

ix

Contents
Contents

x

1 Introduction

1

2 Preliminaries
2.1

2.2

3

Contact and symplectic manifolds

. . . . . . . . . . . . . . . . .

3

2.1.1

Symplectic manifolds . . . . . . . . . . . . . . . . . . . . .

3

2.1.2

Contact manifolds

. . . . . . . . . . . . . . . . . . . . . .

5

Symplectic cobordism and contact surgery . . . . . . . . . . . . .

7

2.2.1

Topological cobordism and surgery . . . . . . . . . . . . .

7

2.2.2

Symplectic cobordism

2.2.3

Contact surgery

. . . . . . . . . . . . . . . . . . . .

8

. . . . . . . . . . . . . . . . . . . . . . .

10

3

2.3

Contact topology in dimension

. . . . . . . . . . . . . . . . . .

15

2.4

Open book decomposition . . . . . . . . . . . . . . . . . . . . . .

16

3 Relations on the set of contact forms

19

3.1

Denitions of relations on the set of contact forms

. . . . . . . .

19

3.2

Properties of the relations . . . . . . . . . . . . . . . . . . . . . .

20

3.3

Dependences between the relations . . . . . . . . . . . . . . . . .

21

4 Classical strong symplectic folds

25

4.1

Denition of strong symplectic folds

4.2

Examples of SSF manifolds

4.3

Existence results in dimension

. . . . . . . . . . . . . . . . . .

29

4.4

Surgery construction in high dimensions . . . . . . . . . . . . . .

30

4.4.1

26

. . . . . . . . . . . . . . . . . . . . .

28

4.

Cobordism between manifolds with boundary and halfhandles

4.5

. . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . .

30

4.4.2

Symplectic half-surgery

. . . . . . . . . . . . . . . . . . .

34

4.4.3

Surgery on SSF . . . . . . . . . . . . . . . . . . . . . . . .

36

Strong symplectic folds as convex hypersurfaces in contact manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

37

4.6

Construction of a controllable contact structure . . . . . . . . . .

41

4.7

Applications of strong symplectic folds to construct contact manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

5 Modications of SSF
5.1

44

47

SSF manifolds with boundary . . . . . . . . . . . . . . . . . . . .

47

5.1.1

Surgery on SSF manifolds with boundary

. . . . . . . . .

47

5.1.2

SSF cobordism between contact manifolds . . . . . . . . .

48

x

5.2

Generalized strong symplectic fold structures
5.2.1

sion
5.2.2

. . . . . . . . . . .

3

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .

49

4-manifolds

51

Construction of generalized SSF structures on

6 Properties of SSF-contact structures

57

6.1

General properties of SSF-contact structures

6.2

Up to homotopy classication of SSF-contact structures in dimension

6.3

3

6.3.2
6.3.3

. . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Fillability of SSF-contact structures
6.3.1

49

Invariants of Legendrian knots and plane elds in dimen-

. . . . . . . . . . . . . . . .

S 2n × S 1 . . . . . . .
1
.
Fillability of SSF-contact structures on (M ∪ M ) × S
Planar torsion and llability of SSF-contact 3-manifolds
Fillable SSF-contact structures on

Bibliography

.

57
59
63
63

.

65

.

67

70

xi

Chapter 1

Introduction
On closed oriented manifolds of even dimension one can consider structures
of strong symplectic folds (SSF structures).
a decomposition

M = M0 ∪N M1

By an SSF structure we mean

of a manifold

M

into two pieces

M0

and

M1

admitting exact symplectic structures and glued together along their common
boundary

N . The symplectic pieces are
N are required to be equal.

convex along

N

and the contact forms

induced on

SSF structures belong to a larger family of folded symplectic structures studied by Cannas da Silva. She proved in [4] that all stably almost complex manifolds of even dimension admit folded symplectic structures.
There are two reasons to study SSF structures on manifolds.

First of all,

they allow a decomposition of a manifold into exact symplectic pieces, which
are well understood and tractable. Moreover, the SSF structures have applications in contact topology. Indeed, they can be used to construct examples of
contact manifolds. In [19] Geiges and Stipsicz present a construction of contact
structures on manifolds of the form

M × S1,

where

M

admits an SSF struc-

ture. We call such contact structures SSF-contact structures. A simple form of
SSF-contact structures allows one to examine their properties.
The existence question for SSF structures in dimension

4

was studied by

Baykur. In [1] he uses the notion of Lefschetz brations to prove the existence
of SSF structures on all

4-dimensional

orientable manifolds.

In this thesis, we study the existence question for SSF structures in an arbitrary dimension, possible modications of the denition of SSF structures and
properties of SSF-contact structures.
We organize the thesis in the following way.
In Chapter 2, we introduce basic notions of contact and symplectic topology
including contact and symplectic manifolds, symplectic cobordisms and contact
surgery, open book decompositions and their applications in contact topology.
In Chapter 3, we study relations on the set of contact forms on a given
manifold.

We examine properties of the relations and dependencies between

them. This chapter can be treated as a warm-up. All of the facts stated there
are well known.
Chapter 4 gives a denition of SSF structures and examples of SSF-manifolds.
Moreover, we sketch Baykur's proof of the existence result in dimension

4.

We

consider two ways of constructing an SSF structure in an arbitrary dimension.
The rst way uses the notion of surgery. More precisely, we introduce a notion

1

of surgery on SSF manifolds and we proof that the existence of an SSF structure
is invariant under a surgery of index up to the half of the dimension of the manifold. The second way to obtain an SSF structure is via convex hypersurfaces
in contact manifolds.

We prove that any such hypersurface admits an SSF

structure. We discuss applications of this fact. What is more, we present a new
construction of a controllable contact form on the product of an almost complex
manifold with the real line, which allows us to nd on this manifold a structure
related to an SSF structure. More precisely, we decompose the manifold into
a sum of two exact symplectic pieces. This can be treated as the rst step in
a proof of the existence of SSF structures on almost complex manifolds. Finally,
we present the construction of Geiges and Stipsicz of a contact form on
where

M

M × S1,

admits an SSF structure.

In Chapter 5, we discuss possible modications of the denition of an SSF
structure. First of all, we examine SSF structures on manifolds with boundary.
Similarly as in Chapter 4, we present a surgery construction of such manifolds.
Moreover, we use SSF structures with boundary to introduce and study a concept of an SSF cobordism between contact manifolds. Another modication that
we consider are SSF structures, where symplectic pieces are allowed to have both
convex and concave boundaries. We show the existence of such structures on

4-dimensional

closed oriented manifolds signicantly simplifying the Baykur's

proof.
Finally, in Chapter 6, we study properties of SSF-contact structures.
particular, we classify SSF-contact structures in dimension

In

3 up to homotopy of

2-distributions and we prove that for a given oriented surface
Σ there exists an SSF-contact structure on Σ × S 1 in every homotopy type of
S 1 -invariant cooriented 2-distributions. Moreover, we study llability of SSFthe corresponding

contact structures. We give examples of both llable and non-llable classes of
SSF-contact manifolds. Our non-llable examples are
with planar torsion as dened in [40].

2

3-dimensional

manifolds

Chapter 2

Preliminaries
In this chapter, we are going to introduce basic notions of contact and symplectic
topology, which will be extensively used throughout the thesis. All the results
in this chapter are standard and well known.
In Section 2.1, we dene contact and symplectic manifolds and we discuss
their basic properties. In Section 2.2, we explain the notions of contact surgery
and symplectic cobordism.

Section 2.3 dedicates itself to the special case of

3-dimensional contact topology.

Finally, in Section 2.4, we dene open book de-

compositions of manifolds and we discuss their applications in contact topology.

2.1 Contact and symplectic manifolds
In this section, we are going to discuss basic concepts regarding contact and
symplectic manifolds. We will start, in Subsection 2.1.1, by considering symplectic structures.

Later, in Subsection 2.1.2, we will introduce the notion of

contact manifolds.

2.1.1 Symplectic manifolds
Denition 2.1.1. Consider a smooth manifold M .
symplectic if the following conditions are fullled
• ω is closed, i.e. dω = 0,
• ω

is

A

2-form ω

on

M

nondegenerate, which means that
∀x ∈ M



∀v ∈ Tx M





v 6= 0 ⇒ ∃w ∈ Tx M ω(v, w) 6= 0 .

A symplectic form is also often called a symplectic structure. A pair
called a

symplectic manifold.

Note that non-degeneracy of a
of an even dimension.

2-form

M implies
M is equal

on

If the dimension of

degeneracy condition can be equivalently formulated as
the form

is called

ωn

(M, ω)

is

M is a manifold
2n, then the nonω n 6= 0 (meaning that
that
to

vanishes nowhere).

It follows that a symplectic manifold
tion can be given by the form

ω

n

(M 2n , ω)

is orientable and its orienta-

. If the orientation of

3

M

is chosen, a symplectic

ω

form

positive if ωn > 0 and negative if ωn < 0. Unless specied
symplectic form on an oriented manifold we will mean a positive

is called

otherwise, by a

symplectic form.
We say that a symplectic manifold
if there exists a

1-form µ

on

M

(M, ω) is exact if the form ω is exact, i.e.
= ω . Note that from the Stokes

such that dµ

theorem it follows that an exact symplectic manifold cannot be closed.

(M0 , ω0 ) and (M1 , ω1 ) by symplectomorphism
f : M0 → M1 such that f ∗ ω1 = ω0 .

For symplectic manifolds
we mean a dieomorphism

Let us consider an example of a symplectic manifold.

Example 2.1.2. (R2n , ω st ) is a symplectic manifold, where ω st

is given by

ω st = dx1 ∧ dy1 + . . . + dxn ∧ dyn ,
for the coordinates
The form

ω st

(x1 , y1 , . . . , xn , yn )

on

R2n .

corresponds to the orientation

ω nst = n! dx1 ∧ dy1 ∧ . . . ∧ dxn ∧ dyn ,
so it is a positive symplectic form (where the orientation of

R2n

is given by

the choice of the coordinates).

Remark 2.1.3.

We will often omit the '∧' sign, when writing formulas for

forms, in order to keep the notation clear.
The following theorem by Darboux implies that the simple example

(R2n , ω st )

of a symplectic manifold is actually the general local form of a symplectic structure.

Theorem 2.1.4 (Darboux). Let (M, ω) be a symplectic 2n-manifold. For any
point p ∈ M there exists a neighbourhood of p symplectomorphic to an open
subset in (R2n , ω st ).
A symplectic structure on a manifold

M

induces a complex structure on

its tangent bundle TM . Such a complex structure is called an almost complex
structure of the manifold. The following denition species more precisely what
an almost complex structure is and how it can related to a symplectic structure.

Denition 2.1.5. Let M be a manifold of an even dimension. An almostcomplex structure on M is an automorphism J of the tangent bundle TM
J 2 = −Id.
(M, ω) is a symplectic manifold, then an almost-complex
to be ω -compatible, if for all x ∈ M and v, w ∈ Tx M

such that
If
said

ω(Jv, Jw) = ω(v, w)
The space of smooth

and

structure

J

is

v 6= 0 ⇒ ω(v, Jv) > 0.

ω -compatible almost-complex structures is contractible

and nonempty (see Proposition 4.1, [29]).

L ⊂ (M 2n , ω) of a symplectic manifold we dene an or⊥
complement (TL) ⊂ TM of its tangent bundle as

(TL)⊥
x := {v ∈ Tx M | ∀w ∈ Tx L ω(v, w) = 0}.

Given a submanifold
thogonal

(TL)⊥ is a vector bundle of dimension 2n − dim L.
⊥
We say that L is isotropic if TL ⊂ (TL) . Note that an isotropic submanifold has dimension at most n. An isotropic submanifold of the maximal

The so dened

dimension is called Lagrangian.

4

2.1.2 Contact manifolds
Let us now proceed by considering contact manifolds.

The relation between

symplectic and contact manifolds is very strong. In fact, contact manifolds can
be thought of as odd-dimensional analogues of symplectic manifolds.
Contact structures are dened in terms of codimension
codimension

1

1

distributions (i.e.

subbundles of a tangent bundle). In this thesis, we will be only

interested in coorientable contact structures, i.e. such that the corresponding
distribution is a kernel of a
coorientable and refer to

ifolds.

1-form.

For simplicity, we will usually omit the word

coorientable contact manifolds by simply contact man-

Denition 2.1.6. Let N be a smooth manifold of odd dimension 2n−1. A contact structure ξ = ker η on N is a maximally non-integrable codimension 1
distribution.

Maximal non-integrability of

ξ

means that the dening form

η

satises

η ∧ (dη)n−1 6= 0.
A pair

form.

(M, ξ)

is called a

contact manifold and the form η is called a contact

For the sake of convenience, we will use a term
a pair

(N, η) for a contact form η

on

N.

contact manifold

to refer to

Such a simplication is commonly used

in the literature.

Remark 2.1.7.

In particular, we treat

is a parameter of
If

η0

and

η1

S

1

(S 1 , dθ)

as a contact manifold. Here,

θ

.

are two contact forms dening the same coorientable contact

structure, then they dier by multiplication by a non-zero function.

(N 2n−1 , η) is orientable and its orientation can
be dened by the form η ∧ (dη)
. If the orientation of N is chosen, a contact
n−1
form η is called positive if η ∧ (dη)
> 0 and negative if η ∧ (dη)n−1 < 0.
Note that a contact manifold

n−1

Unless specied otherwise, by a

contact form

on an oriented manifold we will

mean a positive contact form.

η ∧ (dη)n−1 > 0
ξ = ker η ⊂ TN .

Observe that the contact condition
dη denes a symplectic structure on
a symplectic bundle.

implies that the form
The bundle

(ξ, dη)

is

All the concepts dened in the previous Subsection for

symplectic manifolds, like orthogonal complements or isotropic submanifolds,
can be dened analogously for symplectic bundles.

(N0 , ξ0 ) and (N1 , ξ1 ) a dieomorphism f : N0 → N1 is
If ξ0 = ker η0 and ξ1 = ker η1 , this
∗
condition can be equivalently formulated in terms of contact forms as f η1 = λη0
∗
for a function λ : N0 → R\{0}. A contactomorphism is strict if f η1 = η0 .
For contact manifolds

called a

contactomorphism if Tf (ξ0 ) = ξ1 .

Let us consider an example of a contact form on

Example 2.1.8. (R2n−1 , ξ st
form

η st

= ker η st )

R2n−1 .

is a contact manifold with a contact

given by

η st = dz +

n−1
X

xi ∧ dyi ,

i=1
for the coordinates

(z, x1 , y1 , . . . , xn−1 , yn−1 )

5

on

R2n−1 .

The form

η st

corresponds to an orientation

η st ∧ (η st )n−1 = (n−1)! dz ∧ dx1 ∧ dy1 ∧ . . . ∧ dyn−1 ,
so it is a positive contact form.
Similarly as in the symplectic case, there is a Darboux theorem for contact
manifolds implying that all contact manifolds are locally the contactomorphic.

Theorem 2.1.9 (Darboux). Let (N, ξ) be a coorientable contact (2n−1) - manifold. For any point p ∈ N there exists a neighbourhood of p contactomorphic
to (R2n−1 , ξ st ).
A recent result by Borman, Eliashberg and Murphy (see [2]) solves the longstanding open problem of existence of contact structures on manifolds. They
prove that a manifold admits a contact structure whenever a trivial necessary
condition is fullled, i.e. when there exists an almost contact structure.
Another fundamental theorem in contact topology is the Gray stability theorem saying that there are no non-trivial deformations of contact structures on
closed manifolds.

Theorem 2.1.10 (Gray stability theorem). Consider a smooth path of contact
structures ξt , t ∈ [0, 1], on a closed manifold N . There exists an isotopy ψt of
N with ψ0 = IdN such that

Tψt ξ0 = ξt .
Contact structures connected by a path of contact structures will be called

isotopic, while contact structures connected by a path of hyperplane elds will
be called homotopic.
Contact manifolds naturally appear as hypersurfaces in symplectic manifolds.

To formalize that statement let us introduce the notion of a Liouville

vector eld on a symplectic manifold.

Denition 2.1.11.
(M, ω)
If

A

Liouville vector eld

is a vector eld satisfying the equation

N

is a hypersurface in

(M 2n , ω)

Y on a
LY ω = ω.

symplectic manifold

and there exists a Liouville vector eld

Y dened in a tubular neighbourhood of N and transverse to N , then the form
η := (ιY ω) |TN is a contact form on N . Indeed, the Liouville condition implies
ω = LY ω = dιY ω = dη and
η ∧ (dη)n−1 = ιY ω ∧ ω n−1 =
Since

Y

is transverse to

The submanifold

N

N,

non-degeneracy of

is called a

1
ιY (ω n ).
n
ω

implies that

Liouville type submanifold.

ιY (ω n ) 6= 0.

The above fact can be used to construct a contact form the sphere

Example 2.1.12.
plectic manifold
The vector eld

Consider the sphere

S 2n−1

S 2n−1 .

as the unit sphere in the sym-

2n

(R P
, ω st ) endowed with
 the coordinates (x1 , y1 , . . . , xn , yn ).
n
Y = i=1 xi ∂xi + yi ∂yi is a Liouville vector eld for ω st (up

to a constant). Indeed,

LY ω st = d(ιY ω st ) = d

X
n

xi dyi − yi dxi




= 2ω st .

i=1
It follows that

η st := ιY ω st =

Pn

i=1

xi dyi − yi dxi
6



is a contact form on

S 2n−1 .

Let us now discuss some special types of submanifolds of a contact manifold

(N, ξ = ker η).
We will start with introducing isotropic submanifolds, which will be used

2n−1
Let L ⊂ N
be a submanifold of
L is called an isotropic submanifold on
⊥
⊥
, where (·)
is an orthogonal
that TL ⊂ TL
the symplectic form dη on ξ . This implies that

to dene surgery on contact manifolds.

N.
N.

If TL
Since

⊂ ξ , then
η |TL ≡ 0,

the manifold
we see

complement with respect to

dim L ≤ 21 dim ξ = n − 1. An
n − 1 is called a Legendrian

isotropic submanifold of the maximal dimension

submanifold.

Now, let us discuss another class of submanifolds of
convex hypersurfaces.
Let

X

be a vector eld on

the contact structure

(N, ξ = ker η),

namely

This will require a denition of a contact vector eld.

ξ

N.

We say that

X

contact vector eld

is a

is invariant under the ow of

X,

if

i.e. it fullls

LX η = λη
for some function
Let

Σ

λ

on

N.

be a hypersurface in

N.

We say that

Σ

is a

convex hypersurface,

if there exists a contact vector eld dened in a tubular neighbourhood of
which is transverse to
vector eld

X

Σ.

For a convex hypersurface

we dene a dividing set

Γ⊂Σ

of

Σ

Σ

Σ,

and a transverse contact

as

Γ = {x ∈ Σ | Xx ∈ ξ}.
In Section 4.5, we will use convex surfaces and their dividing sets to construct
SSF manifolds.
Finally, let us introduce another fundamental concept of contact topology
which will prove to be useful in the following parts of the thesis.

Denition 2.1.13.

Let

(N, η)

be a contact manifold.

A vector eld

Rη ,

uniquely dened by the equations

η(Rη ) = 1
is called the

and

ιRη dη ≡ 0,

Reeb vector eld.

2.2 Symplectic cobordism and contact surgery
In this section, we introduce the notion of contact surgery as well as symplectic
cobordism between contact manifolds.

We will start, in Subsection 2.2.1, by

recalling some basic concepts regarding oriented topological cobordisms and
surgery. In Subsection 2.2.2, we will dene a symplectic cobordism, while, in
Subsection 2.2.3, we will give a description of a contact surgery.

2.2.1 Topological cobordism and surgery
N0 and N1 be closed oriented n-manifolds. An (oriented) cobordism from
N0 to N1 is a compact (n + 1)-dimensional oriented manifold M with boundary
∂M = N0 t N1 . By N0 we mean the manifold N0 with the reversed orientation.

Let

It is often convenient to consider a handle decomposition of the cobordism

M,

since it allows us to view

M

as a trace of a sequence of surgeries used

7

to obtain

N1

from

N0 .

M

Any cobordism

can be decomposed into handles.

Such a decomposition can, in particular, be given in terms of a Morse function

f : M → [0, 1] such that f |N0 ≡ 0 and f |N1 ≡ 1 (see [32] for details). An (n+1)handle of index k (also called a k-handle) is dened as the disc
H = Dk × Dn+1−k with the boundary decomposed in the following way
dimensional

∂H = (∂Dk × Dn+1−k ) ∪ (Dk × ∂Dn+1−k ) = C ∪ G.
(M, N0 t N1 ) and an embedding φ : C ,→ N1 one can attach
0
M along φ(C) to
 produce a new
 cobordism M = M ∪φ H

N10 , where N10 = N1 \Int φ(C) ∪φ|∂C=∂G G.

Given a cobordism
the handle
between

N0

H

to

and

Remark 2.2.1.

The cobordism

If we are interested in smooth

M 0 , as dened above, is not a smooth manifold.
0
cobordisms, we can modify M by a standard

procedure of "smoothing the corners".

We are not going to get into details

here.

-surgery

N10 is the result of the k
on N1 along the framed (k−1)0
sphere φ(C). N1 is obtained from N1 by cutting out the tubular neighbourhood
φ(C) of the sphere φ(S k−1 × {0}) and gluing in G along the common boundary
G ∩ C = ∂Dk × ∂Dn+1−k of C and G.
The manifold

A surgery on manifolds can also be dened without using the notion of
cobordisms. Instead, a so called cut-and-paste approach can be used. Let

N

φ : S k−1 × Dn−k+1 ,→ N

be

be a closed oriented manifold of dimension

n.

Let

an embedded sphere with a trivialized normal bundle. We will dene a manifold

N0

by


N 0 = N \ Int φ(S k−1 × Dn−k+1 ) ∪φ|Sk−1 ×Sn−k Dk × S n−k .
Then,

N0

is said to be obtained by the

with respect to the framing

k -surgery along the sphere φ(S k−1 × {0})

φ.

2.2.2 Symplectic cobordism
The notions of cobordism and surgery admit an extension into the world of
symplectic and contact topology.
Let us start by discussing symplectic manifolds with boundary. Let
be a symplectic manifold and let

∂M

of

M.

N

Assume that there exists a Liouville vector eld

a neighbourhood of

N

and transverse to

N.

Y

of

ω

dened in

We know from Subsection 2.1.2

η = ιY ω on N . If Y points
(N, η) a convex boundary component of
(M, ω), while, if it points inwards, (N, η) is a concave boundary component
of (M, ω).
The symplectic structure ω close to the boundary component N is dierent
depending whether N is convex or concave. Indeed, if (N, η) is a convex boundary component, then there exists a collar neighbourhood of N symplectomorphic

that such a structure
outwards from

M

ω

(M, ω)

be a connected component of the boundary

along

induces a contact form

N,

we call

to

((−, 0] × N, d(et η)),
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t ∈ (−, 0] parameterizes the ow lines of the Liouville vector eld Y .
(N, η) is a concave boundary component, then there exists a collar
neighbourhood of N symplectomorphic to

where

Similarly, if

([0, ) × N, d(et η)).
et

We can substitute

by any other increasing positive function.

We are now ready to dene a symplectic cobordism between contact manifolds.

Denition 2.2.2. Let (N0 , η0 ) and (N1 , η1 ) be contact manifolds of dimension
2n − 1. A symplectic cobordism from (N0 , η0 ) to (N1 , η1 ) is a topological
cobordism

M

from

N0

to

N1

with a symplectic structure

a concave boundary component and

(N1 , η1 )

ω

such that

(N0 , η0 ) is

is a convex boundary component

(M, ω).

of

A symplectic cobordism from
from

(N0 , η0 )

to

(N1 , η1 )

Example 2.2.3.

Let

(N0 , ξ0 )

to

(N1 , ξ1 ) is a symplectic cobordism
η0 and η1 dening ξ0 and ξ1 .

for some contact forms

(N 2n−1 , η)

be a contact manifold. Then the pair


[0, 1] × N, d(et η) ,
where

t is a parameter of [0, 1], is a symplectic cobordism from (N, η) to (N, e·η).
t
η) is symplectic.

Indeed, the easy calculation below shows that the form d(e

(d(et η))n = (et dt ∧ η + et dη)n = nent dt ∧ η ∧ (dη)n−1 6= 0
The vector eld

∂t

t

is a Liouville vector eld for d(e

Such a cobordism is called the

plectization of (N, η).

η).

trivial symplectic cobordism or the sym-

Similarly as in the topological case, contact surgery can be dened in terms
of symplectic cobordisms.

However, not every symplectic cobordism can be

decomposed into symplectic handles and, consequently, viewed as a trace of
a sequence of contact surgeries. The symplectic cobordisms that can be decomposed in such a way are called
from the empty set are called

Weinstein cobordisms. Weinstein cobordisms
Weinstein manifolds. It will follow from Sub-

section 2.2.3 that a Weinstein manifold is build out of handles of indices up to
the half of its dimension. A manifold is Weinstein if and only if it admits a Stein

Stein manifold is a complex manifold which
CK .
A symplectic cobordism (M, ω) from (N0 , η0 ) to (N1 , η1 ) is called exact if

structure (see [5] for details). A

admits a proper holomorphic embedding into some

ω

is an exact form. Note that, equivalently, one can say that

there exists a Liouville vector eld for
a

1-form η

such that dη

=ω

ω

(M, ω)

dened on whole manifold

is exact, if

M.

Symplectic concordance is a special type of symplectic cobordism.
be a manifold with contact forms

η1

and

Then

η := ιY ω .

can be dened as

η2 .

A

Let

N

symplectic concordance

η0 to η1 is a symplectic cobordism from (N, η0 ) to (N, η1 ) dieomorphic
N × [0, 1].
Let (N, η) be a contact manifold. A symplectic cobordism from an empty set
(N, η) is called a symplectic lling of (N, η). A contact manifold is called

from
to
to

symplectically llable

(or simply

llable ),

if it admits a symplectic lling.

Similarly one can dene exact, Stein or Weinstein llings.
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Remark 2.2.4. Symplectic llings as described above are usually called strong
symplectic llings. Since in this thesis we are only interested in such llings we
will be omitting the word strong.
Example 2.2.5.

(S 2n−1 , η st ) as described in Example
2n
2.1.12 is symplectically llable by (B , ω st ) ⊂ (R , ω st ). In fact, this is an ex2n−1
act and even Stein/Weinstein lling of (S
, η st ).
The contact manifold

2n

2.2.3 Contact surgery
In this subsection we are going to introduce the notion of contact surgery. The
subsection is mostly based on [18]. We are going to start by looking at contact
surgery as a result of a handle attachment to a symplectic cobordism. Then we
will briey mention how it can be seen from the cut-and-paste perspective.

Handle attachment viewpoint
k -contact surgery on a contact manifold (N 2n−1 , η) along an emk−1
bedded isotropic sphere S := S
⊂ N with a trivial symplectic normal bundle
SNN (S). The strategy here will be similar to the one used to dene topological
t
surgery. We will consider the trivial symplectic cobordism (N × [0, 1], d(e η))
and we will attach to it a symplectic handle along the sphere S ⊂ N × {1}. We
Let us dene a

will use the trivialization of the symplectic normal bundle to dene the framing
of

S

and, in consequence, to determine the way of gluing the handle

H.

The new

contact manifold appearing as the convex boundary component of the cobordism
will be the result of the contact surgery.

Neighbourhood results

We begin by stating a neighbourhood result for

isotropic submanifolds.
Let
of

L

L

be an isotropic submanifold of

(N, η).

The symplectic normal bundle

can be dened as follows.

Denition 2.2.6.

The

symplectic normal bundle of L in N

is the quotient

bundle
SNN (L)

:= (TL)⊥ /TL
dη . Here (·)⊥ is an
form dη on ξ = ker η .

with the symplectic bundle structure induced by
complement with respect to the symplectic

orthogonal

A symplectic normal bundle of an isotropic submanifold determines a contact
structure in its neighbourhood. This fact will allow us to glue the symplectic
handle

H

to

N × [0, 1]

after identifying a neighbourhood of

a neighbourhood of an isotropic sphere

Sk ⊂ H

S

in

N × {1}

with

in a symplectic handle.

Theorem 2.2.7 (Theorem 6.2.2, [18]). Let (N0 , η0 ) and (N1 , η1 ) be contact
manifolds with closed isotropic submanifolds L0 and L1 respectively. Suppose
that there exists an isomorphism of symplectic normal bundles Φ : SNN0 (L0 ) →
SNN1 (L1 ) covering a dieomorphism φ : L0 → L1 . Then φ extends to a contactomorphism ψ : N (L0 ) → N (L1 ) of tubular neighbourhoods N (Li ) of Li such
that T ψ |SNN0 (L0 ) = Φ.
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Note that the normal bundle NN S of
NN S

hRi

where

N

decomposes as follows
(2.1)

is a trivial line bundle spanned by the Reeb vector eld

hRi ⊕ J(TS)

The bundle

k−1

in

= hRi ⊕ J(TS) ⊕ SNN (S),

an almost complex structure on
TS

S

⊕ 

ξ

R

and

J

is

compatible with the symplectic structure dη.

can be trivialized using the natural trivialization of

.

for a trivial line bundle

Thus, the trivialization of the symplec-

tic normal bundle SNN (S) induces a natural trivialization of NS. We call this
trivialization the

natural framing determined by the trivialization of SNN (S).

Symplectic handle

In this paragraph, we will describe a construction of

k -symplectic handle H of dimension 2n. See Figure 2.1a for an example of
2n
the 2-dimensional symplectic 1-handle. Consider R
= Rk × R2n−k with
coordinates

(q, p) = (q1 , . . . , qn , p1 , . . . , pn ),
(q1 , . . . , qk ) ∈ Rk , (qk+1 , . . . , qn , p1 , . . . , pn ) ∈ R2n−k .

Let

ω st

be the standard symplectic form on

ω st =

n
X

dpi

R2n

∧ dqi .

i=1
Dene a Liouville vector eld

Y =

Y

for

ω st

by the formula

n
k
X
1 X
(qi ∂qi + pi ∂pi ).
(−qi ∂qi + 2pi ∂pi ) +
2
i=1
i=k+1

Y

Note that

is the gradient vector eld of the function

g(q, p) =

k
X

n
1
1 X 2
(− qi2 + p2i ) +
(qi + p2i ).
2
4
i=1
i=k+1

Consider the following

k−1
SH
= {(q, p) |

(k−1)-dimensional
k
X

embedded sphere

k−1
SH

in

R2n

qi2 = 2, qk+1 = . . . = qn = p1 = . . . = pn = 0}.

i=1

lower boundary

ψ

LH ∼
= S k−1 × Int(D2n−k ) of the handle H as
k−1
−1
an open neighbourhood of SH
in g
(−1) ⊂ R2n .
The symplectic handle H is the set of points (q, p) lying on the Y ow
lines through LH and satisfying −1 ≤ g(q, p) ≤ 1. The upper boundary is
Dene the

dened by

Since

Y

UH = {(q, p) ∈ H | g(q, p) = 1}.

is the gradient vector eld of

g , it is transverse to its level sets and thus

the form

α = ιY ω st =

k
n
X
1 X
(qi dpi + 2pi dqi ) +
(−qi dpi + pi dqi ).
2
i=1
i=k+1
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is a contact form on the lower and the upper boundary.

k−1

The symplectic normal bundle SN∂H (SH

) can be trivialized by ∂qi , ∂pi for
j = k +1, . . . , n. Indeed, since dα = ω st , the standard almost complex structure
J on R2n given by J(∂pi ) = ∂qi is compatible with the symplectic structure dα
on ξ = ker α ⊂ TLH . Moreover, the Reeb vector eld R of α on LH is given by
n

R=

Along the sphere

k−1
SH


1X
qi ∂pi − pi ∂qi .
2 i=1

the formula reduces to

k−1
that hRi ⊕ J(TSH ) is spanned by
Equation (2.1))
k−1

NLH SH

k−1

we get that SNLH (SH

Remark 2.2.8.

)

H

∂ p1 , . . . , ∂ pk .

1
2

Pk

i=1 qi ∂pi . It follows

Using the decomposition (see

k−1
k−1
= hRi ⊕ J(TSH
) ⊕ SNLH (SH
),

is spanned by

The sets

R |S k−1 =

LH

and

UH

∂qi , ∂pi

for

j = k + 1, . . . , n.

correspond to Int(C) and Int(G) respec-

tively in the notation from Subsection 2.2.1.

Attaching the handle
the symplectic handle
Let

N

We are now ready to describe the process of attaching

H.

be a contact manifold and let

φ

denote an embedding of an isotropic

sphere together with its natural framing determined by a trivialization of the symplectic normal bundle

φ : S k−1 × D2n−k ,→ N.
M

Let

be a trivial symplectic cobordism with the handle

More explicitly, let

M

H

attached along

φ.

be dened as the quotient of



[−1, 1]× N \φ S k−1 × {0}
∪ H
by the equivalence relation dened as follows.

0<r<1

and

c ∈ [−1, 1].

Let

u ∈ S k−1 , v ∈ S 2n−k−1 ,

Then we identify




c, φ(u, rv) ∈ [−1, 1] × N \φ S k−1 × {0}
with such
of

Y

(q, p) ∈ H

S k−1 × D2n−k

and

g(q, p) = c and (q, p) lies on the trajectory of the ow
ψ(u, rv) (recall that ψ denotes a dieomorphism between

that

running through

LH ).

The identication and the resulting cobordism are

shown on Figures 2.1b, 2.1c.
This identication is a symplectomorphism.

Indeed, a contactomorphism

between Liouville type submanifolds of symplectic manifolds extended to a diffeomorphism of their tubular neighbourhoods by sending Liouville ow lines to
Liouville ow lines is a symplectomorphism (see Lemma 5.2.4 in [18]).
Note that the concave boundary component of

(N, η).
(N, η).

M

is contactomorphic to

The convex boundary component is the result of the contact surgery on

12

g≡

(qk+1 , . . . , qn , p1 , . . . , pn )

1

g≡

−1

−1

g≡

UH

LH

LH

k−1
SH

(q1 , . . . , qk )

UH
g≡

1

(a) 2-dimensional symplectic 1-handle

(b) Identications in N × [0, 1]

(c) Symplectic handle attached

Figure 2.1: Symplectic handle attachment

Contact surgery theorem

The above considerations lead to the following

contact surgery theorem.

Theorem 2.2.9 (Theorem 6.2.5, [18]). Let (N, η) be a contact manifold. Consider an isotropic sphere S in N with trivialized symplectic normal bundle
SNN (S). The manifold N 0 obtained by the topological surgery along S with re13

spect to the natural framing admits a contact form η0 . The form η0 coincides with
outside from the surged region. Moreover, there exists a symplectic cobordism
from (N, η) to (N 0 , η0 ).
η

It turns out that for

k≤n

and

n 6= 2

a symplectic structure on a

dimensional cobordism can always be extended over a
a convex boundary component provided that an

k -handle

ω -compatible

2n-

attached along

almost complex

structure extends.

Theorem 2.2.10 (Theorem 6.3.1, [18]). Let (N, ξ) be a (2n −1)-dimensional
contact manifold, n 6= 2, containing an embedded sphere S k−1 with a trivialization of its normal bundle dened by an embedding
φ : S k−1 × D2n−k → N.

Assume that 1 ≤ k ≤ n. Let (M, ω) be a symplectic manifold with (N, ξ) as
a convex boundary component. Let M 0 = M ∪φ H be the manifold obtained
from M by attaching a k−handle H along φ and let N 0 be the new boundary
component (the result of the surgery on N ). If an ω−compatible almost complex
structure J (unique up to isotopy) extends to an almost complex structure on
M 0 , then M 0 carries a symplectic form ω 0 with an ω 0 −compatible almost complex
structure homotopic to J . Moreover, N 0 is a convex boundary component of
(M 0 , ω 0 ). The induced contact structure ξ 0 on N 0 is the result of performing
contact surgery along an isotropic sphere topologically isotopic to φ(S k−1 ×{0}).
Theorem 2.2.10 does not hold for contact manifolds of dimension
case some additional assumptions on the framing of a

2-surgery

3.

In this

are needed.

Indeed, we need to assume that a contact framing of a Legendrian knot is

−1

in order to perform a contact surgery along that knot in a way described above.
However, in the case of dimension
of contact

2-surgery

3,

one can also perform a dierent kind

by attaching a symplectic handle to a concave boundary

component of a cobordism.

In that case, we need to assume that a contact

+1.
0
0
Note that if (M, ω) is exact then (M , ω ) is also exact. Indeed, a Liouville
vector eld on M can be extended over the handle H . This implies, in particular,
framing of a knot is

that Weinstein cobordisms are exact.

Cut-and-paste view point
A contact surgery can also be seen from the cut-and-paste view point rather
then by constructing a symplectic cobordism. Consider an embedded isotropic

(k − 1)-sphere together with its
phi : S k−1 × D2n−k ,→ N . We

natural framing represented by an embedding

S k−1 × D2n−k . This set
k−1
−1
corresponds to the neighbourhood LH of SH
in g
(−1) ⊂ H. The neighbourhoods φ and LH are chosen small enough so that the collar neighbourhoods of
start by cutting out

the boundaries of the manifolds


N \Int φ(S k−1 × D2n−k )
are contactomorphic.

and

g −1 (−1)\LH

It is possible by Theorem 2.2.7.

Moreover, the collar

g −1 (−1) can be contactomorphically identied, along the ow
−1
lines of Y , with the corresponding subset of g
(1). It allows us to glue together
neighbourhood in
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the upper boundary UH ∼
= Dk × S 2n−k−1 of the handle H and the manifold
N \Int(S k−1 × D2n−k ) so that the contact forms glue smoothly. As a result we
obtain a contact form on the surgered manifold



N0 ∼
= N \Int φ(S k−1 × D2n−k ) ∪φ|Sk−1 ×S2n−k−1 Dk × S 2n−k−1 .

2.3 Contact topology in dimension 3
In this Section we will focus on contact manifolds of dimension
dimension

3

3.

The case of

in contact topology is quite special and in many aspects it is much

better recognized then the case of the higher dimensions.
A contact structure

ξ

on a

3-manifold N

is of one of the two types: over-

twisted or tight. We say that a contact structure is
an overtwisted disc. A contact structure is

tight

an overtwisted disc we mean an embedded disc
ary

∂∆

overtwisted if it contains

if it is not overtwisted. By

∆ ⊂ N

such that its bound-

is a Legendrian knot whose contact framing coincides with the surface

framing.
These denitions may seem a bit strange at the rst sight but their implications are very strong.

One of the implications is the following theorem by

Eliashberg (Theorem 1.6.1., [10]) showing that there exists a one-to-one correspondence between homotopy classes of

2-plane

elds and isotopy classes of

overtwisted contact structures.

Theorem 2.3.1 (Eliashberg). There exists an overtwisted contact structure in
any homotopy class of 2-plane elds on a closed oriented 3-manifold. Moreover,
if two overtwisted contact structures are homotopic as 2-plane elds, they are
also isotopic as overtwisted contact structures.
The recent result from [2], already mentioned in Subsection 2.1.2, generalizes
the denition of overtwisted contact structures as well as the result above to
the higher dimensions.
We are now going to recall some properties of overtwisted contact structures
related with symplectic cobordisms. First of all, overtwisted contact manifolds
are never llable (see Theorem 6.5.6, [18]).

Theorem 2.3.2 (Gromov, Eliashberg). Any symplectically llable contact structure is tight.
Note that a tight contact manifold does not necessarily needs to be llable
neither. In fact, there are example of tight non-llable manifolds (see [17]).
Another important fact about overtwisted manifolds is that they can be
connected by Stein cobordisms with all contact manifolds (see Theorem 1.2,
[16]).

Theorem 2.3.3 (Etnyre, Honda). Let (N, ξ ot ) be an overtwisted contact manifold. For any contact manifold (N 0 , η0 ) there exists a Stein cobordism from
(N, ξ ot ) to (N 0 , ξ 0 ).
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2.4 Open book decomposition
Open book decompositions play a crucial role in contact topology after the work
by Giroux who proved a close relation between contact structures on a manifold
and its open book decompositions.
In this section we are going to dene open book decompositions and describe
how they are related to contact structures. Moreover, we will dene a modication of open books called the positive stabilization. Finally, we will describe
contact surgery in terms of open books.

Denitions of open books
Let us start with dening an open book decomposition of a manifold.

Denition 2.4.1.
(B, π),

where

B

open book decomposition of a manifold N is a pair
2 submanifold of N , called the binding of

An

is a codimension

π : N \B → S 1 is a bration. The compact hypersurface
−1
π (ϕ), the closure of a bre of π , is called the
of the open

the open book, and

P := Pϕ :=

page

book.
It is frequently more convenient to use the following, closely related, notion
of an abstract open book.

Denition 2.4.2.

An

abstract open book is a pair (P, φ), where P

is a com-

φ : P → P is a dieomorphism
equal to the identity close to the boundary of P . The manifold P is called
the page of the abstract open book, its boundary Bφ = ∂P is the binding,
while the dieomorphism φ is called the monodromy.
pact manifold with nonempty boundary and

Given an abstract open book

(P, φ)

one can dene a mapping torus of

φ

Pφ = P × [0, 1]/ ∼

for the equivalence relation ∼ given by φ(x), 0 ∼ (x, 1). Since φ is assumed to
be equal to the identity close to the boundary of P , the boundary of the mapping
1
torus Pφ is dieomorphic to ∂P × S . It allows us to dene a manifold Nφ as

Nφ = Pφ ∪Id ∂P × D2 .
As already mentioned, there is a natural correspondence between open book
decompositions and abstract open books. Indeed, for an open book decomposition

N

(B, π)

of a manifold

is dieomorphic to

Nφ

N

there exists an abstract open book

and

B

is dieomorphic to

Bφ .

(P, φ)

such that

Conversely, an abstract

(P, φ) determines the manifold Nφ as well as its open book decom(B, π) uniquely up to a dieomorphism (see [14] for details). In what

open book
position

follows we will use the two notions interchangeably.
It was proved by Quinn (see Theorem 1.1 in [34]) that every odd dimesional
closed manifold admits an open book decomposition.

Contact open books
Let us now dene a correspondence between contact structures on a manifold
and its open book decompositions.
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Denition 2.4.3.
structure

ξ

Let

(N, ξ)

be a contact manifold. We say that the contact

is supported by an open book decomposition

by a contact form

η

(B, π),

if it is dened

such that

(i) dη induces a positive symplectic structure on each page of the open book,
(ii)

η

Let

induces a positive contact form on the binding

B.

(P, ω) be a compact Weinstein manifold and let φ be a symplectomor(P, ω) equal to identity close to the boundary (any compact Weinstein

phism of

manifold, being exact, has a nonempty boundary). Then, one can construct by
an explicit formula a contact form on the manifold
by the open book

(P, φ)

Nφ

such that it is supported

(see for example Section 2.2 in [38]).

Giroux proved that the converse statement is also true.

Theorem 2.4.4 (Giroux, [21]). Any contact structure on a closed manifold is
supported by an open book decomposition with a Weinstein page.
Let us denote by Open(P, φ) the contact manifold determined by the open
book

(P, φ)

as described above.

Contact surgery in terms of open books
The operation of contact surgery introduced in Subsection 2.2.3 can be described
in terms of supporting open books. The description diers depending whether
the surgery is critical (of the maximal index) or subcritical.

Lemma 2.4.5. Let P be a Weinstein manifold of dimension 2n − 2 and let φ
be a symplectomorphism of P equal to identity close to the boundary. Consider
the contact manifold Open(P, φ).
(a) Let k < n and let S be an isotropic (k − 1)-sphere contained in the binding
B = ∂P of the open book with a trivialized symplectic normal bundle.
Then the result of the contact surgery on N along S is contactomorphic to
Open(P ∪S k-handle, φ ∪S Id), i.e. the open book with a k-handle attached
to its pages along S . Note that here we view S as an isotropic submanifold
of N with the induced trivialization of the symplectic normal bundle.
(b) Let S be a Legendrian sphere in Open(P, φ) and a Lagrangian sphere in P .
Then the result of the contact surgery on N along S is contactomorphic
to Open(P, φ ◦ τS ), where τS is a right-handed Dehn twist of P along S .
By Lemma 4.2. in [38], the position of

S , as in the assumptions of the lemma

above, is generic.
Note that Dehn twists are usually being dened for surfaces. However, this
notion can be extended and we can dene Dehn twists on any symplectic manifold along an embedded Lagrangian sphere.

The detailed description of this

extension together with the proof of Lemma 2.4.5 can be found in [38].
Observe that from Lemma 2.4.5 it follows that a contact manifold is Weinstein (and, in consequence, Stein) llable if and only if it is supported by
an open book with a Weinstein page and monodromy being a composition of
right-handed Dehn twists.
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Positive stabilizations of open books
Open books supporting a given contact structure are not unique.

Indeed, in

particular, the contact structure is invariant under the modication of open
books called a positive stabilization. Let us now dene the operation of a positive
stabilization of an open book.
Let

P

be a Weinstein manifold of dimension

L,

2n − 2

with an embedded La-

∂P . Let φ be
P equal to identity close to the boundary. Consider
the abstract open book (P, φ). A positive stabilization of (P, φ) is the ab0
0
0
0
stract open book (P , φ ◦ τL0 ), where P = P ∪∂L n-handle, φ = φ ∪∂L Id and
0
L is a union of L and the core of the n-handle.
0
0
The fact that Open(P, φ) is contactomorphic with Open(P , φ ◦ τL0 ) is due
grangian disc

whose boundary is a Legendrian sphere in

a symplectomorphism of

to Giroux [21]. It can be easily proved using Lemma 2.4.5 (see [38]).
Giroux showed, moreover, that in the case of dimension

3

positive stabiliza-

tions suce to dene a one-to-one correspondence between contact structures
and open books.

Theorem 2.4.6 (Giroux, [21]). On a 3-dimensional oriented manifold there
exists a one-to-one correspondence between contact structures up to an isotopy
and open book decompositions up to a positive stabilization.
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Chapter 3

Relations on the set of
contact forms
In this chapter we are going to study relations on the set of contact forms on
a given manifold. We are going to examine properties of the relations as well as
dependencies between them. All the facts stated in this chapter are well known
and most of them can be found in the literature.
We are going to organize the chapter in the following way.
In Section 3.1 we introduce the relations. Some of the relations, like isotopy,
cobordism or exact cobordism are already well known and examined.
In Section 3.2 we examine properties of the dened relations, while in Section
3.3 we study dependencies between them.

3.1 Denitions of relations on the set of contact
forms
Let

N

be a closed contact manifold of dimension

contact forms on
say that

•

η0

and

N.

η1

η0

and

η1

be

are:

between
t∈[0,1]
for every t ∈ [0, 1];

η0

and

η1 ,

i.e. a path of forms such that

isotopic, if there exists a path of contact forms ηt
η1 ;

•

and let

presymplectically
homotopic, if there exists a path of presymplectic 1-forms

ηt

•

2n − 1

Consider the following relations between that forms. We

concordant,
(N, ker η1 )


t∈[0,1]

dηt

n−1

between

if there exists a symplectic concordance from

η0

6= 0

and

(N, ker η0 )

to

(see Subsection 2.2.2 for a denition of symplectic concor-

dance);

•

exactly concordant,
(N, ker η0 )

•

to

if there exists an exact symplectic concordance from

(N, ker η1 );

linked, if there exists a contact form η3 on N
exactly concordant to

η3 ;
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such that

η1

and

η2

are both

•

cobordant, if there exists a symplectic cobordism from (N, ker η0 ) to (N,
ker η1 );

•

exactly cobordant,
(N, ker η0 )

to

if there exists an exact symplectic cobordism from

(N, ker η1 ).

In Subsection 5.1.2, we additionally study the relation of an SSF cobordism.

3.2 Properties of the relations
Below we examine basic properties of the relations introduced in the previous
section. More specically, we ask whether the relations are symmetric or transitive or if they are equivalence relations.

Proposition 3.2.1.
(a) Presymplectic homotopy and isotopy are equivalence relations.
(b) Concordance and exact concordance are reexive and transitive.
(c) Cobordism and exact cobordism are reexive and transitive but they are
not symmetric.
(d) Linking is a symmetric and reexive relation.
Proof.
(a) The relations of presymplectic homotopy and isotopy are dened in terms
of paths and the relation of being in the same connected component of
a given topological space is an equivalence relation.
(b) The relations are reexive since the trivial symplectic cobordism of a contact manifold

(N, η)

is an exact concordance.

Transitivity follows from the well known fact that there exists a structure
of a symplectic cobordism on a composition of symplectic cobordisms (see
Proposition 5.2.5 in [18]). We will recall the proof of that fact to make
sure that it works in the case of concordances.

(M0 ∼
= [0, 1] × N, ω0 ) and
∼
(M1 = [0, 1]×N, ω1 ) form (N, η0 ) to (N, η) and from (N, η 0 ) to (N, η1 ) such
0
that ker η = ker η . After possibly multiplying ω0 by a positive constant,
0
f
we can nd a positive function f : N → R such that η = e η. Since
(N, η) is a convex component boundary of (M0 , ω0 ), there exists a collar
neighbourhood of (N, η) in (M0 , ω0 ) of the form


(−, 0] × N, d(et η) .
Let us consider the symplectic concordances

Similarly, there exists a collar neighbourhood of the concave boundary

(N, η 0 )

of

(M1 , ω1 )

having the form




[0, ) × N, d(et η 0 ) = d(et+f η) .

M = {(t, x) | 0 ≤ t ≤ f (x)} with a
M0 ∪ M ∪ M1 is a symplectic cobordism

Consider a manifold
d(e

t

η).

Then
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symplectic form
from

(N, η0 )

to

(N, η1 ).

The manifolds

M0 , M

and

M1

are glued along their boundary

components via

M0 3 (0, x) ∼ (0, x) ∈ M

M 3 (f (x), x) ∼ (0, x) ∈ M1 .

and

(M, d(et η)) is actually an exact symplectic concordance. It
follows that if M0 and M1 are (exact) symplectic concordances, then
M0 ∪ M ∪ M1 is also a symplectic concordance (or an exact symplectic
Note that

concordance).
(c) Analogously as in the case of concordances, cobordism and exact cobordism are reexive and transitive relations.
Now, we will show that the relation of (exact) cobordism is not symmetric.

(N, ηot ). Then
(N, ηot ) to (S 3 , η st ) (see Theorem
2.3.3). On the other hand, since (N, ηot ) is not llable (see Theorem
3
2.3.2), there cannot exist a cobordism from (S , η st ) to (N, ηot ). Indeed,
3
by composing such cobordism with a lling of (S , η st ), we would get
a lling of (N, η ot ).

Consider any

3-dimensional

overtwisted contact manifold

there exists an exact cobordism from

(d) It is obvious that linking is a symmetric relation.

Since the relation of

exact concordance is reexive, linking is also reexive.

3.3 Dependences between the relations
We are now going to examine dependencies between the introduced relations.
Let us start by showing that two contact forms are concordant if and only if
they are exactly concordant.

Proposition 3.3.1. Let N be a closed manifold. Contact forms η0 and η1 on
M are concordant if and only if they are exactly concordant.
Proof.

It is obvious that exactly concordant forms are concordant.

Assume that the forms

η0

concordance between them.

and

η1

are concordant. Let

The form

ω

(M, ω) be a symplectic

is exact in a collar neighbourhood

∂M of M . Take any σ ∈ H2 (M, R). Since M is
N × [0, 1], we can choose a representation s of σ , [s] = σ , such
s ⊂ N (∂M ). It follows that
Z
[ω](σ) = ω = 0.

N (∂M )

of the boundary

dieomorphic to
that

s
2
[ω] = 0 as an element of the de Rham cohomology group HdR
(M, R).
follows that ω = dλ for some 1-form λ and (M, ω) is an exact concordance.
Thus,

It

Since terms concordance and exact concordance are equivalent from now on
we will use the shorter one - concordance.
Now, let us examine the dependencies between the remaining relations.

Proposition 3.3.2. The implications indicated in the gure below hold.
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ISOTOPY
CONCORDANCE

LINKING

EXACT COBORDISM

PRESYMPLECTIC
HOMOTOPY

Proof.

COBORDISM

The implications

•

concordance

⇒

linking

•

concordance

⇒

exact cobordism

•

exact cobordism

⇒

cobordism

are obvious.
The proof of the remaining implications will be divided into lemmas.

Lemma 3.3.3. Let N 2n−1 be a manifold with contact forms η0 , η1 . If η0 , η1 are
isotopic then they are also concordant.
Proof.

Let

(ηt )

be an isotopy between

plectic concordance

.

(N ×[0,

η0 and η1 . We are going to dene a sym1
(N, η0 ) to (N, e  η1 ) for a small constant

1
 ], dλ) from

Let

λ = et ηt .
Then
dλ
For



= et



dt

∧ ηt +  dt ∧

d
ds

ηs |s=t




+ dηt .

suciently small the second summand is insignicant.

approximate

Thus, one can

(dλ)n ∼
= nent dt ∧ ηt ∧ (dηt )n−1 .

n−1
Since the forms ηt are contact, we have that ηt ∧ (dηt )
6= 0. Therefore,
(dλ)n 6= 0. We can assume that the isotopy (ηt ) is constant for t close to 0 and
1. As a result, ∂t is a Liouville vector eld close to the boundary of N × [0, 1 ].
1
In consequence, (N × [0, ], dλ) is a symplectic concordance from (N, η0 ) to

1
(N, e  η1 ).

Lemma 3.3.4. Let N be a manifold with contact forms
linked, then they are presymplectically homotopic.
Proof.

η0 , η1 .

If η0 , η1 are

Since presymplectic homotopy is an equivalence relation, it is sucient

to show that a concordance between two forms implies presymplectic homotopy
between them. Let

(N × [0, 1], ω)

be a symplectic concordance from
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η0

to

η1 .

ω

From Proposition 3.3.1 we have that
such that

ω = dλ.

λ be a 1-form on N × [0, 1]
N between η0 and η1 by

is exact. Let

We dene a path of forms

ηt

on

ηt = λ |T (N ×{t}) .
Since dλ is a symplectic form on
on

N

and the path

(ηt )t∈[0,1]

N ×[0, 1], the forms dηt

have the maximal rank

is a presymplectic homotopy from

η0

to

η1 .

Lemma 3.3.5. There exists a manifold N and contact forms η0 and η1 on it
such that contact manifolds (N, η0 ) and (N, η1 ) are symplectically cobordant but
there exists no exact symplectic cobordism from (N, η0 ) to (N, η1 ).
Proof.

The lemma can be proved using notions of the planar and the algebraic

torsions (see [40] and [26] respectively).
In [26], the authors use symplectic eld theory to introduce the notion of
algebraic torsion (AT) of a contact manifold. They show that, if there exists

(N0 , η0 )

an exact symplectic cobordism from

AT(N0 , η0 )

with AT(Vg , ξk )

(N1 , η1 ),

then

≤ AT(N1 , η1 ).

k ≥ 1 (and g > k )
= k − 1.

Moreover, for any integer

(Vg , ξk )

to

they construct a contact manifold

Planar torsion is introduced in [40] by means of blown up summed open
books (a generalization of open book decompositions also dened in [40]). In
Subsection 6.3.3, we will describe planar torsion in more detail.

The author

shows that any two contact manifolds with nite planar torsion are symplectically cobordant. The manifolds

0 < k 1 < k0 < g
(Vg , ξk0 ) and (Vg , ξk1 ) are
Let

(Vg , ξk )

have planar torsion

be natural numbers.

k − 1.

It follows that the manifolds

symplectically cobordant but there exists no exact

symplectic cobordism from

(Vg , ξk0 )

to

(Vg , ξk1 ).

Lemma 3.3.6. There exists a manifold N and non-isotopic contact forms η0
and η1 on it such that contact manifolds (N, η0 ) and (N, η1 ) are concordant.
Proof.

McLean in [31] has constructed innitely many non-symplectomorphic

Stein structures on

R2k

for

k > 3.

He points out that some of the struc-

tures induce non-contactomorphic (and hence non-isotopic) contact structures
on the boundary of the unit ball (see the discussion at page 10 of [31]). Let us
consider the unit ball
the contact structure

ξ

(B 2k , ω)

with a Stein symplectic structure

induced on the boundary

S 2k−1

ω

such that

is not contactomorphic

to the standard contact structure on the sphere. Let us consider an open ball

B̃

around the origin small enough so that

(B̃, ω |B̃ )

is symplectomorphic to

the standard symplectic ball. Such a ball can be found by the Darboux theorem

B\B̃
ξ.

(see Theorem 2.1.9). Then

ξ st

to the exotic structure

is a concordance from the standard structure
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Chapter 4

Classical strong symplectic
folds
In this chapter, we dene strong symplectic fold (SSF) structures and we give examples of SSF manifolds. Moreover, we consider the existence question for SSF
structures and we present two constructions of SSF manifolds: using surgery
technique and via the notion of convex hypersurfaces in contact manifolds. Finally, we indicate applications of SSF structures in contact topology.
We organize the chapter in the following way.
In Section 4.1, we dene a strong symplectic fold structure on a closed oriented manifold and, in Section 4.2, we give examples of SSF manifolds: oriented
surfaces and doubles of exact symplectic manifolds.
In Section 4.3, we present the existence results in the

4-dimensional case (see

Theorem 5.2 in [1] and Theorem 4 in [19]).
Section 4.4 describes surgery construction of SSF-manifolds.

We consider

the notion of cobordism between manifolds with boundary and a decomposition of such cobordisms into handles and half-handles.
introduced in [25].

These concepts were

The theory of handle decompositions of manifolds with

boundary was further explored and applied in [23]. Here we use the notation
proposed in [3]. We extend the presented ideas to the case of symplectic manifolds with contact boundaries. Finally, we use the introduced tools to examine
surgeries on SSF manifolds and prove the invariance of the existence of SSF
structures on surgeries of indices up to the half of the dimension of a manifold.
In Section 4.5, we prove that a convex hypersurface in a contact manifold
admits an SSF structure.

We note that this implies the existence of an SSF

structure on boundaries of tubular neighbourhoods of Legendrian submanifolds.
In Section 4.6, we present a new construction of a controllable contact form
on the product of an almost complex manifold with the real line. Then, a similar
arguments as used in the case of convex hypersurfaces in Section 4.5, allow us to
nd on this manifold a structure related to an SSF structure. More preciselly,
we decompose the manifold into a sum of two exact symplectic pieces.

This

can be treated as the rst step in a proof of the existence of SSF structures on
almost complex manifolds.
Finally, in Section 4.7, we show a construction of contact manifolds using
SSF structures as proposed in [19].
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4.1 Denition of strong symplectic folds
In the following section, we will state a denition of strong symplectic fold
structures as well as some related notations which will be used throughout
the proceeding chapters.

Denition 4.1.1.
oriented manifold

M

A

strong symplectic fold (SSF) structure on a closed

M 2n

is a tuple

(M0 , M1 , ω0 , ω1 )

dening a decomposition of

into a sum of two manifolds with a common boundary

∂M0 = ∂M1 = N

M = M0 ∪N M1 .
ω0 , ω1 are exact symplectic forms on M0 and M1 respectively such
(M0 , ω0 ) and (M1 , ω1 ) are symplectic llings of the same contact manifold
(N, η).

The forms
that

If contact and symplectic structures are understood, we call the decomposition

M = M0 ∪N M1

an SSF structure on

M.

The contact manifold (N, η), as in the denition above, is the separating hypersurface of the SSF structure, while the exact symplectic manifolds
(M0 , ω0 ) and (M1 , ω1 ) are the symplectic parts of the SSF. The decomposition M = M0 ∪N M1 is an SSF decomposition. By an SSF manifold we
mean a manifold admitting an SSF structure.
Note that we do not require the symplectic parts of an SSF structure to be
connected.
Let us now dene a version of an SSF structure, where we make an additional
assumption restricting the Morse type of the symplectic parts of the decomposition.

Denition 4.1.2. We say that a manifold with boundary M has the Morse
type k if there exists a Morse function f : M → [0, 1] with f −1 (1) = ∂M such
that

f

does not have any critical points of indices higher than

An SSF structure
its parts

M0

and

M1

(M0 , M1 , ω0 , ω1 )

of a

have the Morse type

type SSF structure.

n

2n-dimensional
will be called a

k.

manifold such that

restricted Morse

One of the goals of this thesis is to study the existence question for the SSF
structures. An obvious necessary condition is the existence of a stably almost
complex structure.

Proposition 4.1.3. Any SSF manifold admits a stably almost complex structure.
Proof.

(M0 , M1 , ω0 , ω1 ) be an SSF structure on a manifold M . Then the symω0 and ω1 induce almost complex structures J0 and J1 on M0
and M 1 respectively. As the manifolds (M0 , ω0 ) and (M1 , ω1 ) are symplectic
llings of the same contact manifold (N, η), one can choose J0 and J1 such that
they agree on ξ = ker η and J0 (R) = −J1 (R) for the Reeb vector eld of η .
Then, the complex structures J0 × i and J1 × (−i), understood as structures on
T(N × R) × C, are isotopic. Indeed, we can dene an isotopy between them as
Jt |ξ := J0 |ξ = J1 |ξ and
Let

plectic structures

Jt (R) := N cos(tπ) + i sin(tπ),
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Jt (1) := i cos(tπ) − N sin(tπ)

(M1 , dλ1 )

t
1
λ 1 = et η
N × [−1, 1]
λ0 = e−t η
−1

(M0 , dλ0 )

Figure 4.1: Strong symplectic fold

for

N = J0 (R) = −J1 (R).
TM

×C∼
=

Let us identify

T M0


×C ∪

T(N

We can dene a complex structure


 J0 × i
Jt
J=

J1 × (−i)
where

t

is a parameter of

[0, 1]. J

J


× [0, 1]) × C ∪
on TM

×C

TM 1


×C .

as

× C,
× [0, 1]) × C,
T M 1 × C,

on TM0
on T(N
on

is a stably almost complex structure on

M.
A structure

J

as described above will be called a

structure compatible with the SSF structure.

stably almost complex

The following theorem says that every stably almost complex manifold of
even dimension equal at least

6

admits a similar but weaker decomposition.
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Theorem 4.1.4. Suppose that (M, J) is a closed stably almost complex manifold
of dimension 2n for n > 2. Then there exist exact symplectic llings (M0 , ω0 )
and (M1 , ω1 ) of contact manifolds (N, η0 ) and (N, η1 ) respectively such that M
is dieomorphic to M0 ∪N M1 and the forms η0 and η1 are presymplectically
homotopic.
Proof.

f : M → [−1, 1] be a Morse function such that all critical points of
n are in f −1 ([−1, 0)), while all critical points of order at least n
−1
f ((0, 1]). Let us dene
Let

order less then
are in

M0 = f −1 ([−1, 0]),

M1 = f −1 ([0, 1]).

J on M induces almost complex structures J0
M1 respectively. By Theorem 2.2.10, an almost
complex manifold Mi decomposable into handles of indices at most n admits
an exact symplectic form ωi compatible with an almost complex structure homotopic to Ji . To simplify the notation, let us keep denoting the compatible
almost complex structure by Ji . The symplectic form ωi induces a coorientable
−1
contact structure ξi = ker ηi on N = ∂Mi = f
(0).
¯
¯
Note that J0 = J0 |N , J1 = J1 |N are homotopic complex structures on
T N ⊕ ε1 , where ε1 denotes the trivial 1-dimensional vector bundle over N .
Let J t be a homotopy between J¯0 and J¯1 . It corresponds to a homotopy ω̄t of
1
nondegenerate 2−forms on T N ⊕ ε between ω̄0 = ω0 |N and ω̄1 = ω1 |N . Forms
ω̄t remain nondegenerate, when restricted to the tangent bundle T N of N . By
[30] (see also Theorem 10.4.1 in [11]) the space of all nondegenerate 2−forms
Stably almost complex structure

and

J1

on manifolds

M0

and

on an odd-dimensional manifold is homotopically equivalent to the space of
closed nondegenerate

2−forms

representing a given homology class. Thus, we

ω̄0

and

ω̄1

The path

(ηt )

is a presymplectic homotopy from

can choose a homotopy between
a homotopy of
to

1-forms ηt .

in such a way that

ω̄t = dηt

for

η0

η1 .

4.2 Examples of SSF manifolds
Surfaces
Let

Σ

be an oriented surface and let

Σ = Σ0 ∪Γ Σ1
be any decomposition of
Note that

Γ⊂Σ

Σ into a union of two surfaces with a common boundary.
Σ.

is a union of disjoint loops in

The following simple fact shows that there are many SSF structures in dimension

2.

In fact, any decomposition such as above denes an SSF structure.

Proposition 4.2.1. Let Σ be a closed oriented surface decomposed into a union
Σ0 ∪Γ Σ1 of surfaces with boundary. If each connected component of Σ0 and Σ1
has non-empty boundary, then there exist exact symplectic structures on Σ0 and
Σ1 such that Σ = Σ0 ∪Γ Σ1 is an SSF structure on Σ.
Proof.

Consider a handle decomposition of the surface

of indices

0 and 1.

of the dimension of

Σi

consisting of handles

Since the indices of the handles are at most equal to the half

Σi , the handles can be endowed with the symplectic handles
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structure (see Theorem 2.2.10). It follows that there exists an exact symplectic
structure

ωi

on

Σi

convex on the boundary

to isotopy contact form on

Γ

Σ0

structures induced on the boundaries of
consequently,

(Σ0 , Σ1 , ω0 , ω1 )

Γ.

Since there exists a unique up

compatible with a given orientation, the contact
and

Σ1

can be assumed equal and,

is an SSF structure on

Σ.

Doubles
Let us start by dening a double of a manifold.

Denition 4.2.2.
Q

Let

Q

be a compact manifold with boundary. A

double of

is the manifold

Q × {0, 1}/ ∼,
where

(x, 0) ∼ (x, 1)

for

x ∈ ∂Q.

We denote the double of

Q

Q ∪ Q.

by

We can, similarly, dene a twisted double of a manifold with boundary.

Denition 4.2.3.
feomorphism

Consider a compact manifold

α : ∂Q → ∂Q.

A

Q

with boundary and a dif-

twisted double of Q is the manifold

Q × {0, 1}/ ∼,
(x, 0) ∼ (α(x), 1)
Q ∪α Q.

where

for

x ∈ ∂Q.

Doubles are natural candidates for strong symplectic folds.
a double

M = Q∪Q

of an exact symplectic lling

manifold of the Morse type
the boundary. Since

M

n).

Q

by

M 2n

be

We denote such a twisted double of

Denote by

η

Q

Let

(e.g. an almost complex

the contact form induced on

is a union of two copies of

Q

glued together in a trivial

way, the contact structures on boundaries of those copies agree. It follows that

M =Q∪Q

M.
M is a twisted double M = Q∪α Q and α is a contactomorphism
(∂Q, η), then M admits an SSF structure.
is an SSF structure on

Similarly, if

of

4.3 Existence results in dimension 4
The existence of SSF structures on

4-dimensional

manifolds was rst proved

by Baykur in [1]. In fact his result is even stronger as the symplectic parts of
the SSF structures that he constructs are Stein manifolds.

Theorem 4.3.1 (Theorem 5.2, [1]). Let M be a closed oriented 4-manifold.
Then it admits an SSF structure M = M0 ∪ M1 such that M0 and M1 are Stein
manifolds.
Sketch of proof.

Let

M = M00 ∪ M10

be a decomposition of

two submanifolds with the common boundary

M10 have the Morse type 2.
It was shown in [24] that any

∂M00 = ∂M10

M

into a union of

such that

4-dimensional 2-handlebody

lowable achiral Lefschetz bration over

D2 .

M00

and

admits an al-

By using a stabilization procedure

described in [15] one can match the open books induced on the boundaries of
the Lefschetz brations on

M00

and

M10 .
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It can be done in such a way that all

the vanishing cycles introduced by stabilizations are non-separating so the new
Lefschetz brations are still allowable.
By gluing the two brations together we obtain an achiral Lefschetz bration

f

over

S2

with closed bres.

S2

into a union of two discs D+ and D− such
D+ contains only positive and D− only negative critical values. Dene
M0 = f −1 (D+ ) and M1 = f −1 (D− ). It follows that f is a positive allowable
Lefschetz bration on M0 and M1 . The latter comes from a negative allowable
Lefschetz bration on M1 . This can be done in such a way that the open books
We proceed by decomposing

that

on the boundaries of the Lefschetz brations continue to coincide.
By the result of Loi-Piergallini (see [27]) a

4-dimensional manifold is Stein if

and only if it admits a positive allowable Lefschetz bration. This give us Stein
structures on

M0

and

M1 .

As discussed in Section 2.4, since the open books on

the boundaries coincide, the induced contact structures are isotopic.
An alternative proof of the existence of SSF structures in dimension

4

us-

ing entirely dierent techniques was presented by Geiges and Stipsicz in [19].
The proof relies on the Donaldson's result (see [9]) that the Poincaré dual of
the cohomology of an appropriately scaled symplectic form can be represented
by a

2-dimensional

connected symplectic submanifold.

This approach allows

an additional control of the homotopy type of the corresponding contact structures on products with

S1

(We will dene such contact structures in 4.7).

4.4 Surgery construction in high dimensions
Both of the two approaches presented in Section 4.3 to the proof of the existence
of SSF structures in dimension

4

use techniques that are specic to this dimen-

sion and therefore the proofs does not allow extension to higher dimensions.
In this section, we are going to describe a construction of SSF manifolds
using methods of contact surgery and symplectic handle attachment, which can
be applied in higher dimensions.
In Subsection 4.4.1, we recall the notions of half-handles and cobordisms
between manifolds with boundary in the topological setting.

In Subsection

4.4.2, we extend these notions to the world of symplectic manifolds and dene
half-surgery on symplectic cobordisms. Finally, in Subsection 4.4.3, we dene
surgery on SSF manifolds and prove that the existence of SSF structures is
invariant under surgeries of indices up to the half of the dimension of a manifold.

4.4.1 Cobordism between manifolds with boundary and
half-handles
In this subsection, we describe the notion of cobordisms between manifolds
with boundaries as well as their handle and half-handle decomposition. These
concepts were introduced in [25] and applied in [23]. Here we use the notation
from [3].
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Cobordism between manifolds with boundary
M0 and M1 be compact oriented n-manifolds with (possibly empty) boundN0 and N1 respectively. A cobordism from (M0 , N0 ) to (M1 , N1 ) is a pair
(W, Y ) such that

Let

aries

• W

is a compact oriented

(n + 1)-manifold

with

∂W = M 0 ∪ Y ∪ M1 ,

• M 0 ∩ M1 = ∅,
• Y

is a cobordism between closed manifolds from

Note that

W

N0

to

N1 .

could be regarded as a manifold with corners along

N0

and

N1 .

However, sometimes it will be convenient for us to assume that the corners are
smoothed and treat

W

as a manifold with boundary. We will omit a detailed

discussion here.

Half-handles
As described in Chapter 2, a cobordism between closed manifolds can be decomposed into handles. To deal with cobordisms between manifolds with boundaries
we additionally need to use a new notion of handles 

half-handles (see [3]).

In order to avoid confusion, in the current Subsection we will call the handles
dened in Chapter 2 the

full handles.

right half-handles and left halfhandles depending on which disc component of a full handle H = Dk ×Dn+1−k
We distinguish two types of half-handles:

is cut in half.
Before giving a denition of a half-handle we introduce the following notation

k -dimensional
in dimension 2.

for subsets of the
for an example

disc

Dk = {x21 + . . . + x2k ≤ 1}.

See Figure 4.2

k
D+
= Dk ∩ {x1 ≥ 0}

D0k−1 = Dk ∩ {x1 = 0}
k−1
S+
= ∂Dk ∩ {x1 ≥ 0}

S0k−2 = ∂Dk ∩ {x1 = 0}
We see that

k−1
k
.
= D0k−1 ∪S k−2 S+
∂D+
0

Denition 4.4.1.
(a) For

1 ≤ k ≤ n an (n + 1)-dimensional right half-handle of index k is
n+1−k
with boundary ∂Hright = C ∪ h ∪ G,
Hright = Dk × D+

the manifold
where

n+1−k
C = S k−1 × D+
,
(b) For

h = Dk × D0n−k ,

n−k
G = Dk × S+
.

2 ≤ k ≤ n + 1 an (n + 1)-dimensional left half-handle of index k
k
Hleft = D+
× Dn+1−k with boundary ∂Hleft = C ∪ h ∪ G,

is the manifold
where

k−1
C = S+
× Dn+1−k ,

h = D0k−1 × Dn+1−k ,

We denote

c = C ∩ h,

g = G ∩ h.
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k
G = D+
× S n−k .

1
S+

D01
2
D+

S00

Figure 4.2: Subsets

2
1
D+
, D01 , S+

and

S00

of

2-dimensional

disc

D2

Figure 4.3 depicts examples of right and left half-handles.

(W, Y ) be a coborn-dimensional manifolds with boundary (M0 , N0 ) and (M1 , N1 ).
Consider an (n + 1)-dimensional (right or left) half k -handle H . Given an em0
0
bedding φ : (C, c) → (M1 , N1 ) we dene a new cobordism (W , Y ) between
0
0
(M0 , N0 ) and (M1 , N1 ) by
Now let us describe the attachment of half-handles. Let

dism between

W 0 = W ∪φ H, Y 0 = Y ∪φ|c h,
M10 = (M1 \φ(C)) ∪φ|∂C=∂G G,

N10 = (N1 \φ(c)) ∪φ|∂c=∂g g.

Figure 4.4 depicts examples of attachment of right and left half-handles.

Remark 4.4.2. Observe that for the (n + 1)-dimensional right half k-handle
H , h is a full k -handle of dimension n with boundary ∂h = c ∪ g . Moreover,
0
0
if (W , Y ) is the result of the attachment of H to a cobordism (W, Y ) along
φ : (C, c) → (M1 , N1 ), then Y 0 is the result of the attachment of h to Y along
φ |c : c → N1 . Finally, N10 is obtained from N1 by a k -surgery.
On the other hand, if H is a left half k -handle, h is a full (k − 1)-handle of
0
dimension n with boundary ∂h = c ∪ g . Moreover, Y is the result of the at0
tachment of h to Y along φ |c : c → N1 and N1 is obtained from N1 by a (k − 1)surgery.
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G

C
h
C

h
C

G
(a) 3-dimensional right half 1-handle

(b) 3-dimensional left half 2-handle

Figure 4.3: Half-handles in dimension

3

M'
h
C

M'

G

G

h

C

W

Y

C

W

Y

M

M
(a) Attachment of 3-dimensional right
half 1-handle

(b) Attachment of 3-dimensional left
half 2-handle

Figure 4.4: Attachment of half-handles in dimension

3

In [25] the authors prove the following fact, which describes an eect of
a half-handle attachment from the level of the manifold

(M1 , N1 ).

Here we use

the formulation from [3].

Lemma 4.4.3.
(a) Let (W, Y ) be a cobordism from (M0 , N0 ) to (M1 , N1 ). The result (W 0 , Y 0 )
of the attachment of a right half k-handle H to (W, Y ) along φ is a cobordism between (M0 , N0 ) and (M10 , N10 ), where M10 is dieomorphic to M1
after the attachment of the k-handle h along φ |c
M10 ∼
= M1 ∪φ|c h.

(b) Let (W, Y ) be a cobordism from (M0 , N0 ) to (M1 , N1 ). The result (W 0 , Y 0 )
of the attachment of a left half k-handle H to (W, Y ) along φ is a cobordism
between (M0 , N0 ) and (M10 , N10 ), where M10 is dieomorphic to M1 after
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cutting out the (k − 1)-handle φ(C)
M10 ∼
= M1 \φ(C).
The manifold

M10

is the result of a

right/left half k-surgery on M1 .

4.4.2 Symplectic half-surgery
As mentioned above, we want to apply the technique of surgery to modify
symplectic cobordisms.

In general, it is not possible to dene a symplectic

surgery as a result of a full handle attachment. In particular, a connected sum
of symplectic manifolds does not necessarily admit a symplectic structure (see
Subsection 3.9.5 in [35]).

Here we dene symplectic half-surgery as a result

of attaching a half-handle to a cobordism between symplectic manifolds with
boundary.

This notion will be applied to construct SSF structures on closed

manifolds (in Subsection 4.4.3) and on manifolds with boundary (in Subsection
5.1.1).
Let

(M 2n , ω), n > 2,

(N0 , η0 ) to (N1 , η1 ).
(M, ω) addressing the cases of the right

be a symplectic cobordism from

We will dene symplectic half-surgery on
and the left half-surgery separately.

Symplectic right half-surgery
k -surgery under the assumption that k ≤ n
M ) and that the surgery is performed along the convex
boundary component N1 of (M, ω).
Consider an embedding φ : (C, c) → (M, N1 ), where (C, c) is the subset of
0
the right half k -handle as described in Subsection 4.4.1. Let M be the result of
the right half-surgery on M along φ. According to Lemma 4.4.3, the manifold
M 0 is dieomorphic to M with the k -handle h attached along φ |c

We will dene symplectic right half
(half of the dimension of

M0 ∼
= M ∪φ|c h.
M 0 is a cobordism from N0 to N10 , where N10 is obtained from N1 by the k -surgery
along φ |c .
Since k ≤ n, it follows from Theorem 2.2.10, that we can realize the attachment of h as a symplectic handle attachment provided that the almost complex
0
structure on M extends over M . In consequence, we obtain a symplectic struc0
0
0
ture ω on the manifold M and a contact structure η1 induced on the convex
0
boundary component N1 .
0
0
We call (M , ω ) the result of a symplectic right half k -surgery on (M, ω).

Symplectic left half-surgery
(M, N ). We will
2 ≤ k ≤ n and that it is
performed along the concave boundary component N0 of (M, ω).
Consider an embedding φ : (C, c) → (M, N1 ), where (C, c) is the subset
of the left half k -handle as described in Subsection 4.4.1. Let us recall that
k−1
k−1
C∼
× D2n−k+1 , where S+
is a (k − 1)-dimensional disc. Denote by D
= S+
k−1
the disc S+
× {0} ⊂ C .

Now, let us consider the case of symplectic left half-surgery on
assume that the half-surgery is of index
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k

such that

φ̂ = φ |D : D ,→ M . It follows from the relative
D can be perturbed to an isotropic submanifold of
the symplectic manifold (M, ω) transverse to the boundary and such that ∂D
is an isotropic submanifold of the contact manifold (N, η).
After possibly perturbing φ, we can assume φ(C) to be a tubular neighbourhood of an isotropic disc in (M, ω) and φ(c) to be a tubular neighbourhood of
an isotropic sphere in (N0 , η0 ).
Consider the embedding

version of h-principle that

According to the isotropic submanifold neighbourhood theorem (see Isotropic
Manifold Theorem on page 24 in [39]) a neighbourhood of an isotropic submanifold of a symplectic manifold is determined by the isomorphism class of its symplectic normal bundle. Since

(D, ∂D)

is contractible, all bundles over

are trivial. It follows that after taking
it is symplectomorphic to the
with

φ(c)

M0

2n-dimensional

symplectic handle of index

the result of the left half-surgery on

Lemma 4.4.3, the manifold

M0

cut out

k−1

is dieomorphic to

M

M

along

φ. According to
(k − 1)-handle

with the

M0 ∼
= M \φ(C).

A symplectic structure
to

(D, ∂D)

thin enough one can assume that

being its concave boundary.

Denote by

φ(C)

φ(C)

M ∼
= M \φ(C)

ω0

on

M0

can be dened as a restriction of the form

ω

0

ω 0 = ω |M 0 .
M0

φ(C). Moreover,
0
0
since φ(C) is symplectomorphic to a symplectic handle, N = ∂M = N 0 t N1 ,
0
where N0 is obtained from N0 by a contact (k − 1)-surgery along φ |c .
0
0
We call (M , ω ) a result of a symplectic left half k -surgery on (M, ω).
Note that

is concave at the boundary along the cut out

0

Remark 4.4.4.
if

(M, ω)

Note that both in the case of a right and a left half-surgery,

is exact, then the result of the surgery is also an exact symplectic

manifold. The fact that the result of a right half-surgery is exact follows from
the discussion after Theorem 2.2.10. The case of the left half-surgery is obvious.
With this discussion we have proved the following proposition.

Proposition 4.4.5. Let
(N0 , η0 ) to (N1 , η1 ).

(M 2n , ω), n > 2,

be a symplectic cobordism from

(a) If k ≤ n and if the result M 0 of a right half k-surgery on (M 2n , ω) along
the convex boundary component φ : (C, c) ,→ (M, N1 ) admits an almost
complex structure equal to the almost complex structure on (M, ω) outside
the surged area, then it also admits a structure ω0 of a symplectic cobordism
from (N0 , η0 ) to (N10 , η10 ), where (N10 , η10 ) is a result of the contact k-surgery
on (N1 , η1 ) along φ |c .
(b) If 2 ≤ k ≤ n, the result M 0 of a left half k-surgery on (M 2n , ω) along
the concave boundary component φ : (C, c) ,→ (M, N0 ), admits a structure
ω 0 of a symplectic cobordism from (N00 , η00 ) to (N1 , η1 ), where (N00 , η00 ) is
a result of the contact (k − 1)-surgery on (N0 , η0 ) along φ |c .
Moreover, if (M, ω) is exact, then (M 0 , ω0 ) is also exact.
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4.4.3 Surgery on SSF
In this subsection, we will introduce surgery on SSF manifolds. Moreover, we
are going to prove that the existence of a restricted Morse type SSF structure is
invariant under surgeries of indices up to the half of the dimension of a manifold.
Let us start by stating the main result of this subsection. Surgery on SSF
manifolds will be dened in the proof of the following theorem.

Theorem 4.4.6. Let M be a restricted Morse type SSF manifold of dimension
2n with a compatible stably almost complex structure J . Consider a manifold
M 0 being the result of a k -surgery on M with k ≤ n. Assume that M 0 has
a stably almost complex structure equal to J outside the surged area. Then M 0
admits a restricted Morse type SSF structure.
Proof.

Let

(M0 , M1 , ω0 , ω1 )

be an SSF structure on

form induced on the common boundary
Consider a Morse function

N

f :M →R

of

M0

M

and

and let

η

be the contact

M1 .

with

f −1 ((−∞, 0]) = M0 , f −1 ([0, ∞)) = M1 .
Since

M0

and

M1

have the Morse type

n

belong to

M0 ,

n,

we can assume that all critical points

n
M1 . Consider a handle decomposition of M determined by f .
k−1
Let S
×D2n−k+1 =: S ×D ,→ M be the framed sphere in M and consider

of indices at most

while all critical points of indices at least

belong to

the surgery along this sphere.

S ⊂ N . Indeed, since for
πk−1 (M0 , N ) = 0 and πk−1 (M0 , N ) = 0, the sphere S can
be homotoped to a sphere in N . What is more, we can choose the homotopy
S k−1 × [0, 1] → M to be an immersion and thus we can homotope the sphere
Without loss of generality, one can assume that

k ≤ n

we have

together with its framing. Moreover, note that since

dim S = k − 1 <

2n − 1
dim N
=
,
2
2

the homotoped sphere can be made an embedded sphere in
call the new sphere

N.

We continue to

S.

We can assume that framing of

S

has one vector pointing outward from

M0 .

Indeed, let us consider the following bration
SO(m

− 1) → SO(m) → S m

and the induced homotopy long exact sequence

. . . → πi+1 (S m ) → πi (SO(m − 1)) → πi (SO(m)) → πi (S m ) → . . . .
For

i+1<m

we obtain an isomorphism

πi (SO(m − 1)) ∼
= πi (SO(m)).
Since
get

k ≤ n,

we have

k < 2n − k + 1

and we can use the above isomorphism to

πk−1 (SO(2n − k)) ∼
= πk−1 (SO(2n − k + 1)).

It follows that any framing of
pointing outwards from

M0 .

S

can be homotoped to a framing with one vector

Denote by

ν

36

the induced framing of

S

in

N.

M 0,

The manifold

being the result of the surgery on

M,

has the following

form

M 0 = (M \ S × D) ∪S k−1 ×S 2n−k Dk × S 2n−k .
Let us dene

2n−k
M00 = (M0 \ S × D+ ) ∪S k−1 ×S 2n−k Dk × S+
+

and

2n−k
M10 = (M 1 \ S × D− ) ∪S k−1 ×S 2n−k Dk × S−
.
−

+/− means that only that part of a set is considered, where
along the framing vector pointing outward from M0 is nonnega-

Here, the subscript
the coordinate

tive/nonpositive.

M 0 = M00 ∪ M10 is an SSF decomposition of M 0 . Indeed, M00
0
and M1 are results of the right half k -surgeries on M0 and M1 respectively. Since
M 0 is stably almost complex, the manifolds M00 and M10 are almost complex.
We claim that

Moreover, we can assume that the almost complex structures agree with those

ω1 outside the surged area. Then, from
M00 and M10 are exact symplectic llings
0 0
0 0
of a manifold (N , η ), where (N , η ) is the result of the contact k -surgery on
(N, η) along S with respect to the framing ν .
on

M0

and

M1

compatible with

ω0

and

Proposition 4.4.5, it follows that both

The manifold

M0

is the result of an

SSF-surgery

on

M.

Note that to

dene an SSF-surgery along a sphere contained in the dividing hypersurface we
do not need to assume that

M

is a restricted Morse type SSF manifold. This

assumption was needed to homotope the sphere to the dividing surface.

4.5 Strong symplectic folds as convex hypersurfaces in contact manifolds
In this section, we are going to study convex hypersurfaces in contact manifolds
and their applications in constructing SSF manifolds. For a denition of convex
hypersurfaces and their dividing sets see Subsection 2.1.2.
We are going to prove that any convex hypersurface in a contact manifold
admits an SSF structure. This fact follows from the proof of Lemma 2.2 in [6].
However, the assertion of Lemma 2.2 in [6] does not involve SSF structures and
the authors remark that the proof implies the existence of a folded symplectic
structures as dened by Cannas da Silva in [4], which is a much less restrictive
denition. Moreover, there apparently is a confusion of notation in the proof of
Lemma 2.2, which makes some of the formulas at the beginning of the page 11
of [6] incorrect. We proof of the proposition below follows the lines of the proof
of Lemma 2.2 in [6].

Proposition 4.5.1. A closed convex hypersurface in a cooriented contact manifold admits an SSF structure.
Proof.

(W 2n+1 , ξ) be a cooriented contact manifold and let Σ be a convex
hypersurface in W . Lemma 2.9 in [12] says that, since Σ is convex, we can
Let

choose a neighbourhood

N (Σ) ∼
= [−, ] × Σ
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Σ = {0} × Σ in W
N (Σ) is given by

of

such that there exists a contact form

α

for

ξ,

which on

α = f dt + β,
where

β

is a

(4.1)

1-form on Σ, f is a function Σ → R and t ∈ [−, ].
X = ∂t is a contact vector eld for α and the dividing
to X is given by

Note that
with respect

set

Γ⊂Σ

Γ = {f = 0}.
Let us dene

Σ− := {f ≤ 0}.

Σ+ := {f ≥ 0},

We are going to nd structures of exact symplectic llings on
that

Σ = Σ+ ∪Γ Σ−

is an SSF structure on

Σ.

Σ+

and

Σ−

such

More precisely, we will show that

dα, after a slight modication in a neighbourhood on

Γ, denes such symplectic

llings.
Let us begin by analyzing the contact condition for the form

α

on

N (Σ).

By Formula (4.1) the condition takes the following form

0 < α ∧ (dα)n = f dt (dβ)n + n df dt β (dβ)n−1 ,
which reduces to

f

is nondegenerate along its level set

submanifold of
form on

Γ

0 < df dt β (dβ)n−1

Γ.

Σ.

along

Γ

Γ.

(4.2)

This implies, in particular, that

Γ is a codimension 1
α |TΓ = β |TΓ is a contact
ξ = ker α on W is transverse to

and, consequently,

Moreover, it follows that the form

Consequently, the contact structure

and dα is nondegenerate on

ξ ∩ TΓ.

Σξ of Σ, i.e. the singular 1(TΣ ∩ ξ)⊥ , where (·)⊥ is an orthogonal complement with respect to the symplectic form dα on ξ . Since ξ t Γ
and dα is nondegenerate on ξ ∩ TΓ, it follows that Σξ is transverse to Γ.
Let us consider the characteristic foliation

dimensional foliation dened by the distribution

Dene

N (Σ) ⊃ N (Γ) ∼
= [−1, 1] × [−, ] × Γ 3 (τ, t, x)

Γ in W such that ∂τ parameterizes
Σξ , the coordinate t agrees with the coordinate t of N (Σ)
and β is a contact form for all {(τ, t)} × Γ. Let Γ be oriented in such a way that
β is a positive contact form. This induces a direction of the vector ∂τ , which
makes the orientation of N (Γ) agree with the orientation of W .
After possibly multiplying α by a positive function we can assume that f is
constant outside of N (Γ), while on N (Γ) it depends only on τ and it is equal
1
to ±1 for |τ | ≥ .
2
We are now going to prove that, for the choice of the direction of ∂τ we
have made, f is actually a increasing function of τ . Indeed, the orientation
n
n−1
of W is given by α ∧ (dα) , which reduces to ndf dtβ(dβ)
along Γ. On
the other hand, from the form of the neighbourhood N (Γ) in W , we have
n−1
dτ ∧ dt ∧ β ∧ (dβ)
> 0. It follows that f 0 (τ ) > 0.
Observe, that from the form of the neighbourhood N (Σ) in W , the orienn−1
tation of Σ along Γ is given by −dτ ∧ β ∧ (dβ)
> 0. It follows that Γ is
an oriented boundary of Σ+ . Indeed, −∂τ is the normal vector eld to Γ in Σ
and it points outwards from Σ+ .
to be a suciently small neighbourhood of

the singular foliation
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Let us proceed with looking for structures of exact symplectic llings on
and

f

Σ− .

Note that from the contact condition (4.2) for

α

Σ+

it follows that, when

is locally constant, then

(dα)n |TΣ+ = (dβ)n |TΣ+ > 0,

(dα)n |TΣ− = (dβ)n |TΣ− < 0.

N (Γ), the form dα restricts to a positive exact symplectic
Σ− .
focus on N (Γ). In this neighbourhood we get the following

Thus, outside from
form on

Σ+

and

Let us now
formula for

α.
α = f (τ )dt + β

Since

∂τ ∈ ker β

β

we can assume that

calculate the derivative dα of

does not have any dτ terms.

= f 0 dτ dt + dτ

dα

Let us

α.
dβ
dτ

+ dΓ β

By dΓ β we denote the derivative of

β in the direction of Γ.
∂τ directs the characteristic foliation Σξ , we have that ι∂τ (dα |ζ ) ≡ 0,
dβ (v) = 0 for v ∈ ζ = ker α | = ker β . Equivwhere ζ = TΣ∩ξ . It follows that
TΣ
dτ
dβ = aβ for some nowhere-zero function a. This leads to the following
alently,
dτ
form of β on {τ0 } × Γ
Since

β=e
for

R τ0
0

β0 = β |{(0,0)}×Γ .
1
For τ ≥ , we have f = 1
2

a(τ,x)dτ

· β0 =: g(τ0 , x)β0

and the contact condition (4.2) translates into

0 < dt ∧ (dβ)n = dt (dgβ0 + dβ0 )n
= ndt dg β0 (dβ0 )n−1
∂g
n−1
dτ β0 (dβ0 )
= nd t
∂τ
∂g
n−1
= −n
dτ dt β0 (dβ0 )
.
∂τ
∂g
∂g
1
∂τ < 0 for τ ≥ 2 . Similarly, we can argue that ∂τ
1
≤ −2.
Let h be a t-invariant positive function on N (Γ) such that

It follows that

τ

τ ≤ − 21 , τ ≥

1.

h=g

2.

∂h
∂τ

>0

for

τ < 0,

3.

∂h
∂τ

<0

for

τ > 0.

for

> 0

for

1
2,

1-form α̃ on N (Σ) such that it is equal to α
α̃ = hg α on N (Γ). We claim that dα̃ gives
structures of exact symplectic llings on manifolds Σ+ and Σ− .
We have already observed that dα̃ |TΣ = dα |TΣ is an exact symplectic form
outside from N (Γ). On N (Γ) ∩ Σ we have
Let us consider a smooth

on the complement of

N (Γ)

and

α̃ |TΣ =

h
α |TΣ = hβ0 .
g
39

Let us calculate

[d(hβ0 )]n = (dhβ0 + dβ0 )n = ndhβ0 (dβ0 )n−1 = n
α̃ |TΣ

By conditions 2 and 3, we get that the form
form on

Σ+

and

Σ−

∂h
n−1
dτ β0 (dβ0 )
.
∂τ

is a positive exact symplectic

Γ. The induced conh |τ =0 β0 . Consequently,

and it is convex on the boundary

tact form on the boundaries of both

Σ+

and

Σ−

is

the decomposition

Σ = Σ+ ∪Γ Σ−
with the described symplectic structures is an SSF structure on

Σ.

The usefulness of Proposition 4.5.1 depends on how common the convex
hypersurfaces are.

By Giroux' result from [20], in dimension

faces are generic: any surface in a

3-dimensional

approximated by a convex surface.

3

convex sur-

contact manifold can be

C ∞-

However, a similar fact does not hold in

higher dimensions (see [33]).
A well known class of examples of convex hypersurfaces are boundaries of
tubular neighbourhoods of Legendrian submanifolds.

Proposition 4.5.2. For a Legendrian submanifold of a contact manifold there
exists a tubular neighbourhood, whose boundary is a convex hypersurface.
Proof.

Theorem 2.2.7 implies that dieomorphic Legendrian submanifolds have

contactomorphic neighbourhoods.

L a universal model of its neighbourhood as a Leg1-jet space J 1 (L)
∗
1
of L. It is dieomorphic to R × T L by a dieomorphism sending jy f to
1
(f (y), dfy ). Consider local coordinates (z, x1 , y1 , . . . , xk , yk ) on J (L), where
z is a R-coordinate, yi 's are local coordinates on L and xi 's are the dual coorGiven a smooth manifold

endrian submanifold can be dened as follows. Consider the

dinates. The form

α = dz −

k
X

xi dyi

i=1
is a contact form on

J 1 (L)

and the embedding of

L

as a zero level in

J 1 (L)

is Legendrian.
The vector eld

X = z∂z +

k
X

xi ∂xi

i=1
is a contact vector eld for the contact structure

Lz∂z α = dιz∂z dz = dz,
lead to

LX α = α.

ker α.

Indeed, the calculations

Lxi ∂xi α = ιxi ∂xi d(−xi dyi ) = −xi dyi ,

X is transverse to the boundary of the tubuL, which implies that the boundary is a convex surface.

The vector eld

lar neighbourhood of

From Propositions 4.5.1 and 4.5.2 we get the following corollary.

Corollary 4.5.3. Given a smooth manifold L, the unit bundle
admit an SSF structure.
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S(R ×

T∗ L)

4.6 Construction of a controllable contact structure
A possible strategy to construct an SSF structure on a manifold

Σ×R

Σ

is to endow

with a controllable contact structure and use a similar reasoning as in

the proof of Proposition 4.5.1 to deduce an SSF structure on an embedding of

Σ

to

Σ × R.

Let us now describe a construction of such a controllable contact

Σ. This construction allows us to
Σ into a sum of two exact symplectic manifolds glued along the common boundary - the separating hypersurface Γ. Note that for this to be an SSF,
structure and an embedding of the manifold
decompose

we would additionally need convexity of the exact symplectic structures along
the boundary.
The advantage of our construction over the convex hypersurface construction
presented in Section 4.5 is its stability.

Indeed, the Reeb vector eld of our

contact form is transverse to the separating hypersurface of

Σ, while it is tangent

in the convex hypersurface construction.
Let us give an argument showing that transversality of the Reeb vector eld
to the separating hypersurface

Γ

allows us to omit some obstructions arising,

when we want to make a hypersurface convex.
If Σ is a closed convex hypersurface in a contact manifold W of dimension
2n + 1 > 3, then the separating set Γ is contact submanifold of W and the Reeb
eld is tangent to Γ. Since Γ is a closed manifold, the Weinstein conjecture says
that the Reeb vector eld has closed orbits on Γ. However, it is not dicult
to nd examples of (open) contact manifolds such that their Reeb elds do not
have closed orbits at all. So one can not expect that the Giroux' approximation
theorem ([20], see the discussion above Proposition

??)

can be extended to

higher dimensions.
The construction given below applies to every almost complex manifold and
may be considered as an alternative to the convex hypersurface construction.
On the other hand, as we will see in the next section, any strong symplectic fold
embeds as a convex hypersurface into

Σ× R endowed with the contact form given
Σ × S 1 but it works for

by Formula 4.4 (this is a formula for a contact form on

Σ×R

as well). This rises the question whether a (stably) almost complex man-

ifold can be embedded as a convex hypersurface in a contact manifold. This is
considerably weaker than asking if any hypersurface in a xed contact manifold
can be deformed to a convex one (even allowing large deformations). Moreover,
it is equivalent to the question if any (stably) almost complex manifold admits a
strong symplectic fold structure. Possibly, constructing strong symplectic folds
is the most prospective way to attack this question.

Controllable contact forms on
If

Σ

Σ×R

if Σ is almost complex

is an almost complex manifold, then, by Gromov's theory,

a contact structure.

Σ×R

admits

However, there is no way to see, how this contact form

Σ. The main purpose of the argument below is to get a contact
Σ × R with controllable properties near Σ.
2n
Let Σ
be an almost complex manifold. Then Σ admits a nondegenerate
2-form ω0 . Consider the manifold Σ × R with the projection π : M × R → M .
behaves near
structure on

We will use the following h-principle theorem about approximation with exact
forms (see Theorem 4.7.1 [11]).
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Theorem 4.6.1. Let Σ ⊂ W be a polyhedron of codimension at least 1 and ω
a p-form. Then there exists an arbitrarily C 0 -small dieotopy it : W → W such
f = i1 (M ) by an exact p-form ω̃ = dα̃.
that ω can be C 0 -approximated near M
Moreover, given a (p − 1)-form α on W , one can choose α̃ to be C 0 -close to α
f.
near M
If we apply the above theorem to the form

π ∗ ω0 ,

we conclude that there

it of Σ × R and a C -approximation ω̃ of the form
π ∗ ω0 on a neighbourhood U of i1 (M ) such that ω̃ = dα̃. Moreover, we can
0
choose α̃ to be C -close to dθ , where θ is a parameter of R.
∗
n
Nondegeneracy of ω0 implies that (π ω0 )
6= 0. Since ω̃ is C 0 -close to
π ∗ ω0 , it follows that ω̃ n 6= 0 and the form ω̃ is nondegenerate. Similarly, since
ker(π ∗ ω0 ) = span(∂θ ), we have that ker(ω̃) is C 0 -close to span(∂θ ).
0
0
The form α̃ is C -close to dθ on U and ker(dα̃) is C -close to span(∂θ ) on
U . This implies that α̃ ∧ (dα̃)n 6= 0 and the form α̃ is contact on U .
exists a

C

0

0

-small dieotopy

The separating hypersurface
R

Let

be the Reeb vector eld of

transverse to

R

1-jet

in the

α̃.

The embedding

i1

can be perturbed to be

space. More specically, the embedding

i1

induces

the embedding
Di1

: TM → T(M × R),

This embedding can be made transverse to
us denote by

i

vx 7→ (Di1 )vx .
V := {Ri(x) }x∈M ⊂ T(M × R). Let
Γ of i(M ) given

the perturbed embedding. Consider the subset

by

Γ = {x ∈ M | Ri(x) ∈ Ti(M )} = {x ∈ M | (V ∩ Im Di)i(x) 6= 0}.
From the transversality as described above, it follows that
submanifold of
Since

R

Σ

and

R

is transverse to

is transverse to

an exact symplectic form on

A neighbourhood of

i(Σ) away
Σ \ Γ.

U

given by the push of

α̃ close
i(Γ) along

N transverse
i(Γ) in U

invariant vector eld
neighbourhood of

from

Σ.
i(Γ), the

Γ

is a codimension

1

in

contact form

α̃

induces

Γ

Let us now examine the form
in

i(Γ)

to

to

i(Γ).

Denote by

the ow lines of

Ξ.

R

Ξ

the hypersurface

and consider an

R-

This gives us the following tubular

N (Γ) ∼
= Γ × [−, ] × [−δ, δ],
τ ∈ [−, ] is a parameterization of the
s0 ∈ [−δ, δ] parameterizes the ow of N .

where
and
of

α̃,

Reeb ow lines such that
Since

∂τ

∂τ = R

is the Reeb vector eld

we get the following formula

α̃ = dτ + α0 ,

(4.3)

∆ := Γ × [−δ, δ] ⊂ N (Γ). See Figure 4.5 for a picture of
N (Γ).
Let us now nd coordinates on ∆ better adjusted to the form α̃. The contact
condition for α̃ implies that dα0 is a symplectic form on ∆. It follows that
where

α0

is a form on

the neighbourhood
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τ
Ξ
i(M )
i(Γ)
∆

Figure 4.5: The neighbourhood

dα0 |TΓ

N (Γ)

of

Γ

is presymplectic (see Chapter 3 for a denition of a presymplectic

ker(dα0 |TΓ ) is 1-dimensional. Let RΓ be
RΓ can be dened on the whole
hypersurface ∆ by, similarly, considering the presymplectic forms α0 |TΓ×{s0 }
0
for s ∈ [−δ, δ]. Let J be a τ -invariant automorphism of TN (Γ) such that
J(∂τ ) = 0 and J |T∆ is a compatible almost complex structure on (∆, dα0 ).
Then, the coordinate on ∆ transverse to Γ can be chosen as ∂s := JRΓ . This
gives dα0 (RΓ , ∂s ) = dα0 (RΓ , JRΓ ) > 0.
form). This means, in particular, that
a positive generator of

Embeddings of

Σ

ker(dα0 |TΓ ).

into Σ × R

Such a choice of coordinates on
hood of
to

i(M ).

Γ

Σ.

in

Note that

N (Γ)

Indeed, the ow of

determines coordinates on a neighbour-

s

allows us to project the coordinate

Let us denote the induced coordinate by

together with

t

t.

The coordinates

give coordinates on a neighbourhood of

nates, the embedding

i

Γ

in

Σ.

x

on

τ
Γ

In such coordi-

can be assumed to be given by

i(x, t) = (x, f (x) + b1 (x)t, b2 (x)t2 ) ∈ N (Γ).
This embedding can be replaced by

j(x, t) = (x, f (x) + b1 (x)t, b2 (x)e±t + b3 (x)),
+ for t ≤ 0 and − for t ≥ 0. See Figure 4.6
i and j . An embedding j gives us an exact
symplectic structure on closures of both components of Σ \ Γ.
It is conceivable that under an appropriate deformation of the data {α0 , J}

where the

±

sign is chosen to be

for a picture of the embeddings

one can obtain the Liouville eld in both exact symplectic parts transverse
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τ

τ

(a) Embedding i

(b) Embedding j
Figure 4.6: Embeddings

to

Γ × {t0 },

where

the boundary

Γ

t0

is close enough to

0.

i

and

j

This would imply convexity along

of the two exact symplectic parts.

4.7 Applications of strong symplectic folds to construct contact manifolds
The authors of [19] prove the following fact showing how to apply the notion of
SSF structures to construct contact manifolds.

Proposition 4.7.1. For an SSF-manifold

M × S1.

Proof.

Assume that

structure on

M,

M

M,

there exists a contact form on

2n. Let M = M0 ∪N M 1 be an SSF
M0 and M1 are endowed with exact symw1 = dλ1 . Since the symplectic forms are

has dimension

where the manifolds

plectic structures

w0 =

dλ0 and

convex along their boundaries, we can assume that in a collar neighbourhood

N × [−1, 0] ∼
= Ui ⊂ Mi of the boundary ∂Mi = N × {0} the form λi is equal to
et η , where η is the contact form induced on the boundary and t is a parameter
of the interval [−1, 0]. Let us use the coordinate t to parameterize U0 ∪ U 1 by
N × [−1, 1]. We get the following decomposition of M
M = M0 ∪N M1 ∼
= M̊0 ∪ N × [−1, 1] ∪ M̊ 1 ,
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where

M̊i = Mi \ Ui .
M × S 1 can be dened as


on
M̊0 ,
 λ0 + dθ,
f (t)η + g(t)dθ,
on
N × [−1, 1],
α=

 λ − dθ,
M̊ 1 ,
on
1

A contact form on

where

f, g : [−1, 1] → R

(i)

f = e∓t

(ii)

g = ∓1

for
for

t
t

are functions such that

close to
close to

(iii)

f > 0,

(iv)

f g 0 − f 0 g > 0.

±1,
±1,

Note that the conditions (i) and (ii) imply that the form
First, observe that such functions
the curve

(f (t), g(t))

in

(4.4)

f

and

g

exist.

α

is smooth.

Indeed, if one considers

R2 , the last condition (iv) translates as follows.

The tangent space to the curve is nondegenerate and the vector from the origin
to a point on the curve is never tangent to the curve in that point.
One can easily see that the curve on Figure 4.7 can be parameterized by functions

f

and

g

in such a way that the conditions (i)-(iv) are fullled.

f

g
Figure 4.7: The curve parameterized by
In what follows we will use functions

f

and

g

(f, g)

as given on the graphs on

Figure 4.8.
Now, we need to show that the form

α

is contact. Let us start with calcu-

lating its derivative.

dα

=







dλ0 ,
f (t)dη + f 0 (t)dt ∧ η + g 0 (t)dt ∧ dθ,

on

M̊0 ,
N × [−1, 1],

dλ1 ,

on

M̊ 1 .
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on

1

−1

1

−1

1 t

1 t
−1

−1

(a) Function f

(b) Function g

Figure 4.8: Graphs of functions

f

and

g

In order to verify the contact condition we need to consider the following
form.

n

α∧(dα) =





∧ (dλ0 )n ,

f
(t) f (t)g 0 (t) − f 0 (t)g(t) η (dη)n−1 dt dθ,
dθ

n−1


 −dθ ∧ (dλ )n ,
1
Since the forms dλ0 and dλ1 are symplectic and the form
tions (iii) and (iv) imply that
form on

α ∧ (dα)n

on

M̊0 ,
N × [−1, 1],

on

M̊ 1 .

on

η is contact, the condiα is a contact

is positive. It follows that

M × S1.

Denition 4.7.2.
structure on

For an SSF manifold

M × S1

M

we will call the induced contact

dened by Equation 4.4 an

SSF-contact structure.

Proposition 4.7.1 above together with previous results of this chapter lead
to the following conclusion.

Theorem 4.7.3. For the following classes of manifolds M , the manifold M ×S 1
admits a contact structure.
(a) 4-dimensional oriented manifolds (observed in [19]);
(b) Doubles of exact symplectic manifolds;
(c) Unit bundles S(R × T∗ L) of smooth manifolds L.
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Chapter 5

Modications of SSF
In this chapter, we are going to introduce some possible modications of the definition of SSF structures.
In Section 5.1, we examine SSF structures on manifolds with boundary.
In particular, we introduce a concept of an SSF cobordism between contact
manifolds.

In Section 5.2, we consider a more general denition of an SSF

structure, where the symplectic pieces can be glued both along convex and
concave boundaries.

5.1 SSF manifolds with boundary
In this section, we study strong symplectic fold structures on manifolds with

M
Q0 = ∅.

boundary. Let

be an oriented manifold with boundary

we allow

An SSF structure on

M

∂M = Q0 t Q1 .

Here

is a decomposition

M = M0 ∪N M1 ,
ω0 , ω1 such that (M0 , ω0 )
(Q0 , µ0 ) to (N, η) (or a symplectic lling of (N, η)
if Q0 = ∅) and (M1 , ω1 ) is a symplectic cobordism from (Q1 , µ1 ) to (N, η). Here
(Q0 , µ0 ), (Q1 , µ1 ) and (N, η) are contact manifolds.

where

M0

and

M1

admit exact symplectic structures

is a symplectic cobordism from

Remark 5.1.1.

One could also consider SSF structures convex along some of

the boundary components. However, such structures can be treated as a special
case of SSF manifolds with boundary as dened above.

Indeed, consider for

M = M0 ∪N M1 , where (M0 , ω0 ) is a symplectic
cobordism from (Q0 , µ0 ) to (N, η) and (M1 , ω1 ) is a symplectic manifold with
0
0
two convex boundary components (Q1 , µ1 ) and (N, η). Let (M0 , ω0 ) be a trivial
−1
µ1 ). Then
symplectic cobordism of (Q1 , e
example a decomposition

M∼
= (M0 t M00 ) ∪N tQ1 M 1
is a SSF manifold with boundary structure on

M.

5.1.1 Surgery on SSF manifolds with boundary
We will show that the existence of a restricted Morse type SSF structure with
boundary on

2n-manifolds

is invariant under left half-surgeries up to index
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n.

Note that from Proposition 4.4.6 we know that it is invariant under (full) surgeries up to index

n.

Proposition 5.1.2. Let M 0 be the result of a left half k-surgery on a manifold
with boundary M 2n for 2 ≤ k ≤ n. Assume that there exists a restricted Morse
type SSF structure on M (possibly with boundary). Then M 0 is a restricted
Morse type SSF manifold with boundary.
Proof.

Let us use the notation as introduced at the beginning of this section.

We can assume without loss of generality that the surgery is being performed

out

Q1 .
φ : (C, c) → (M, Q1 ) be the attaching embedding . We can modify
embedding φ so that φ(C) is contained in M1 . Indeed, since M0 is built
k−1
of handles of indices up to n, C = S+
× D2n−k+1 can be homotoped into

M1

by the same argument as in the proof of Proposition 4.4.6.

along

Let
the

denoting the attaching embedding by
An SSF structure on

M0

We continue

φ : (C, c) → (M, Q1 ).

can be given by

M 0 = M0 ∪N M10 ,
were

M10

is the result of the left half

Proposition 4.4.5 it follows that

M10

k -surgery

on

M1

along

φ.

Indeed, from

has a structure of an exact symplectic

cobordism.

5.1.2 SSF cobordism between contact manifolds
Denition 5.1.3. Let (Q0 , µ0 ) and (Q1 , µ1 ) be contact manifolds. An SSF
cobordism from (Q0 , µ0 ) to (Q1 , µ1 ) is an SSF manifold M = M0 ∪N M 1 with
boundary
and

µ1

∂M = Q0 t Q1 ,

where

∂M0 = Q0 t N , ∂M1 = Q1 t N ,

such that

µ0

are the contact forms induced on the boundary.

In this section, we are going to consider the relation of SSF cobordism between contact manifolds.
It turns out that the relation of SSF cobordism identies much more elements
then the relation of exact symplectic cobordism. Indeed, we will show that all
exactly llable manifolds are SSF cobordant. From this fact it will follow that
in dimension

3

the relation of SSF cobordism is trivial.

Proposition 5.1.4. Let (Q02n−1 , µ0 ) and (Q2n−1
, µ1 ) be exactly llable mani1
folds. There exists an SSF cobordism between those manifolds.
Proof.

(M00 , ω00 ) be an exact lling of (Q0 , eµ0 ) and let (M01 , ω01 ) be a trivial
cobordism of (Q1 , µ1 ). The two exact cobordisms can be connected by a symplectic 1-handle. As the result we get an exact symplectic cobordism (M0 , ω0 )
from (Q1 , µ1 ) to (Q0 , eµ0 )#(Q1 , eµ1 ). Similarly, we can get an exact symplectic
cobordism (M1 , ω1 ) from (Q0 , µ0 ) to (Q0 , eµ0 )#(Q1 , eµ1 ). The manifold
Let

M := M0 ∪ M 1
is an SSF cobordism from

(Q0 , µ0 )

to

(Q1 , µ1 ).

The result above implies that the relation of SSF cobordism between
dimensional contact manifolds trivializes.
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3-

Proposition 5.1.5. There exists an SSF cobordism between any two closed
3-dimensional contact manifolds.
Proof.

3.
3-manifold there exists a Stein
0
0
0
0
cobordism to a Stein llable manifold. Let (Q0 , µ0 ) and (Q1 , µ1 ) be such Stein
llable manifolds for (Q0 , µ0 ) and (Q1 , µ1 ) respectively and let M0 and M1 be
Let

(Q0 , µ0 )

and

(Q1 , µ1 )

be closed contact manifolds of dimension

It was proved in [16] that from any contact

the Stein cobordisms. From Proposition 5.1.4 it follows that there exists an SSF
cobordism

M0

from

(Q00 , µ00 )

to

(Q01 , µ01 ).

By gluing the Stein cobordisms and

the SSF cobordism together we get an SSF cobordism

M = M0 ∪Q00 M 0 ∪Q01 M1
(Q0 , µ0 )

between

and

(Q1 , µ1 ).

5.2 Generalized strong symplectic fold structures
In the following section, we study

tures.
M

generalized strong symplectic fold struc-

By a generalized SSF structure we mean a decomposition of a manifold

into pieces admitting structures of exact symplectic cobordisms, i.e.

M = M1 ∪ . . . ∪ M n .
The pieces

Mi

are glued together along common boundaries. The induced con-

tact forms on the boundary components that are glued together are equal. Note
that, unlike in the case of classical SSF structures, here we admit gluing both
along convex and concave boundaries.
Similarly, we can dene generalized SSF structures with boundary.
The main result of this section is the existence of a concave SSF structure
on every

4-dimensional

manifold.

In order to prove this fact we signicantly

simplify the proof of a stronger result from [1] showing the existence of classical
SSF structures on manifolds of dimension

4.

On the course of the proof we use

classical invariants of Legendrian knots as well as homotopy invariants of plane
elds. We introduce the necessary tools in Subsection 5.2.1 and in Subsection
5.2.2 we present the proof of the main result.

5.2.1 Invariants of Legendrian knots and plane elds in
dimension 3
The goal of this subsection is to introduce tools which will be used later in order
to prove the existence of concave SSF structures on

4-dimensional

manifolds.

All the facts in this subsection are well known.
We are going to discuss classical invariants of Legendrian knots in contact

3-manifolds

and homotopy invariants of plane elds in

3-manifolds.

Classical invariants of Legendrian knots
We start by introducing the classical invariants of Legendrian knots. For more
details see [18].
Consider a contact
knot

K

in

3-manifold (N, ξ) and a

N.
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homologically trivial Legendrian

Let us start with the

Thurston-Bennequin invariant denoted by tb.

dened as the contact framing of the knot relative to its surface framing. If
a knot in

(R3 , ξ st )

It is

K

is

(see Example 2.1.8), the invariant tb can be given explicitly

using the formula

1
= writhe(KF ) − #cusps(KF ),
(5.1)
2
where by KF we mean the front projection of K (an image of K by the projection
(x, y, z) 7→ (y, z)) and by writhe we denote the number of self crossings of a knot
tb(K)

counted together with their signs.
The second classical invariant we are going to introduce is the
counts the number of rotations of the vector tangent to
ization of

K.

ξ|Σ

as we go once around

K.

Here by

K

rotation.

It

relative to a trivial-

Σ we denote a Seifert surface of

The rotation depends on the homology class induced by the Seifert surface

and the dependence is given by the following formula
rot(K, Σ)
where

− rot(K, Σ0 ) = he(ξ), c − c0 i,

Σ and Σ0 are two Seifert surfaces of K representing classes c, c0 ∈ H2 (N ; Z)

respectively.
As for the tb invariant, let us consider a special case, when

in

(R3 , ξ st ).

Then, since

H2 (R3 ; Z) = {0},

the choice of the Seifert surface.

K

is a knot

the rotation does not depend on

It this case rot can be given explicitly by

the formula
rot(K)

= #down-cusps(KF ) − #up-cusps(KF ).

Given two Legendrian knots

K0 #K1 - a
K0 #K1 are given

knot

K0

connected sum of

(5.2)

and

K1 ,

we can dene a new Legendrian

K0

and

K1 .

The classical invariants of

by
tb(K0 #K1 )

= tb(K0 ) + tb(K1 ) − 1,

rot(K0 #K1 )

= rot(K0 ) + rot(K1 ).

Plane eld homotopy invariants
We are now going to introduce homotopy invariants of plane elds on a

3-

manifold.

N be a 3-manifold. To simplify the discussion assume that H 2 (N ; Z)
has no 2-torsion. We will see that such a restricted class of manifolds will be
enough for our applications. Denote by Ξ(N ) the space of oriented plane elds
on N . We are going to describe, how the homotopy type of ξ ∈ Ξ(N ) is uniquely
determined by two invariants: c1 (ξ) and d3 (ξ). This fact is well known and was
Let

for instance discussed in [8].

c

We will use the following denition of a spin

structure. Note that this is

not a standard denition and its equivalence with the standard one was proved
in [37].

Denition 5.2.1.

Two nowhere vanishing vector elds on a

3-manifold N
D3 ⊂ N

said to be homologous, if they are homotopic outside of a ball

are
via

nowhere vanishing vector elds. An equivalence class of this relation is called
a

spinc structure

on

N.

The set of all spin

c
Spin (N ).
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c

structures on

N

is denoted by

[ξ]

Spin

c

of

that

ξ

p : π0 (Ξ(N )) →

(N ) sending the homotopy class
ξ ∈ Ξ(N ) to the spinc structure of the unit normal vector eld of ξ . Note
p is well dened since a spinc structure is invariant under the homotopy of

Let us dene a map

as directly follows from the denition above.

ξ1 , ξ2 ∈ Ξ(N )

Let

c

[37], if the spin

ξi be considered as a complex line bundle. By
ξ1 and ξ2 agree, then c1 (ξ1 ) = c1 (ξ2 ). This allows

and let

structures of

c

us to dene a rst Chern class of a spin
[37], the cohomology group
on Spin

where

c

(N )

and

2-torsion,

a spin

acts freely and transitively

c1 (t ⊗ a) = c1 (t) + 2a,

t ∈ Spinc (N ) and a ∈ H 2 (N ; Z).
c

structure. As it was pointed out in

H (N ; Z) ∼
= H1 (N ; Z)
2

It follows that, since

H 2 (N ; Z)

has no

structure is uniquely dened by its rst Chern class.

2 contact surgeries on
3-manifold can be obtained
in this way (see [7]). Denote by L the link of knots Ki along which the 22
surgeries are performed. Then the rst Chern class c1 (ξ) ∈ H (N ; Z) can be
understood by looking at its Poincaré dual class P.D.c1 (ξ) ∈ H1 (N ; Z)
X
P.D.c1 (ξ) =
rot(Ki )[Ni ],
(5.3)
Assume now that

(S 3 , ξ st )

(N, ξ) is

a result of a series of index

±1.

with respect to framings

Any contact

Ki ∈L
where

Ni

is the cocore of the handle corresponding to the knot

Ki .

Now we need a tool to distinguish between dierent plane elds inducing
the same spin

c

structure

t.

From [22] it follows that the homotopy class of

ξ

with

p([ξ]) =
d3 (ξ).

t

is fully

determined by a single number. Let us denote this number by
Let

M

be the topological lling of

in the link

L.

d3 (ξ) =
where

σ

and

N

induced by the surgeries along the knots

Then

χ

1 2
(c (M ) − 3σ(M ) − 2χ(M )) + q,
4

are the signature and the Euler number respectively,

(5.4)

q

denotes

L with the contact framing +1 and c(M ) ∈ H 2 (M ; Z)
class determined by c(ΣK ) = rot(K) for K ∈ L. By ΣK

the number of knots in
is the cohomology

we denote a Seifert surface of

K

glued together with the core disc of the cor-

responding handle. Equation (5.4) was proved in [8] for the case, where there
were no

1-surgeries.

In [15] the authors pointed out that the same argument

can be used to prove the general case.

5.2.2 Construction of generalized SSF structures on 4manifolds
In this subsection, we are going to prove the existence of generalized SSF structures on

4-dimensional oriented manifolds. In [1], the author proves the existence
4-dimensional oriented manifold (see Section

of a classical SSF structure on any

4.3 for a sketch of the proof ). Our result is weaker but the proof is considerably
simpler.
We will use the notion of stabilizations of open book decompositions. Apart
from positive stabilizations, as dened in Section 2.4, we will also need negative
stabilizations. The negative stabilizations are dened analogously as the positive
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stabilization but instead of composing the monodromy with a right Dehn twist
we use a left Dehn twist. As pointed out in Section 2.4, a positive stabilization
does not change the isotopy class of a contact structure. This is not true for
negative stabilizations. In fact, a negative stabilization adds an overtwisted disc
to a contact structure (see [14]).
The following lemma will be useful in the proof of the main result of this
section.

Lemma 5.2.2. Let (N, η0 ) be a contact manifold. Let us negatively stabilize on
open book an N supporting η0 . Denote by η1 the contact structure supported by
the result open book. There exists a topologically trivial SSF cobordism N × I
from (N, η0 ) to (N, η1 ).
Proof.

Consider the following symplectically trivial cobordisms

f1 = (N × [0, 1], d(e−t η1 )).
M

f0 = (N × [−1, 0], d(et η0 )),
M

A negative stabilization of the open book supporting

η0

surgeries given by attaching a pair of cancelling handles

1

and

2

f0 (see
M
N × I.

to

cobordism

[36]).

corresponds to two

h1

and

h2

of indices

It gives the following decomposition of the trivial

di

f0 ∪ h1 ∪ h2 ∪ M
f1 .
N ×I ∼
= M
f0 ∪h1 along a Legendrian knot in the conThe 2-handle h2 is being attached to M
0 0
f
vex boundary component (N , η ) of M0 ∪h1 with respect to the contact framing
f1 . It, then, corresponds
+1. We can, however, look at h2 as being attached to M
to a classical contact surgery on (N, η1 ), i.e. a surgery with respect to the contact framing −1. Proposition 6.4.5 in [18] implies that the result of this surgery
0 0
is contactomorphic to (N , η ). It follows that the required SSF structure can
be dened by the following decomposition

f0 ∪ h1 ) ∪N 0 (h2 ∪ M
f1 ).
N ×I ∼
= M0 ∪N 0 M1 := (M
Note that it is actually an SSF cobordism between

(N, e−1 η0 ) and (N, eη1 ).

This

can be, however, easily modied to cobordism between the required manifolds.

We will call the SSF cobordism constructed in Lemma 5.2.2 an

SSF block.

The form

η1

overtwisting

appearing at the boundary of the block is indeed

overtwisted, being the result of a negative stabilization.
Before stating the main theorem of this subsection let us introduce the techniques that will be used to modify the classical invariants of a Legendrian knot.
See [18] for details.
Firstly, note from Equation (5.1) that one can easily decrease the ThurstonBennequin invariant of a knot by adding additional cusps (so called zig-zags)
to a front projection of the knot in an appropriate Darboux map. The operation of adding upward (resp. downward) zig-zags is called a

negative) stabilization

positive (resp.

of the knot (not to be confused with a stabilization

of an open book). Observe from Equation (5.2) that the positive stabilization
results, additionally, in the rotation number being decreased by
the negative stabilization increases the rotation by
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1.

1.

Similarly,

knot's modication

tb rot

positive stabilization

−1
−1
+1
+1

negative stabilization
positive destabilization
negative destabilization

−1
+1
+1
−1

Table 5.1: Impact of knot's modications on its classical invariants

In the case of an overtwisted manifold one can also increase the value of
the Thurston-Bennequin invariant of a knot.

It can be achieved by taking

a connected sum of the knot with a boundary of an overtwisted disc. The tb of

0

such a boundary is

while rot relative to an overtwisted disc is

±1

depending

on the orientation. Note that such a construction can be performed only if we,
additionally, assume that the original knot is loose (i.e. the contact structure is
still overtwisted in the complement of the knot). In this case the operation is
called the

positive or negative destabilization and it is the inverse of the cor-

responding operation of stabilization (in the sense that after a destabilization
we get a knot which can be stabilized to the original one). The positive (resp.
negative) destabilization results in increasing (resp.
number by

1.

decreasing) the rotation

If the knot is non-loose, we need to isotope the knot moving it

away from the overtwisted disc before taking a connected sum. Then the modication of the knot is not necessarily an inverse of a stabilization but it results
in the same change of the classical invariants as if the knot was loose.
For a summary of the impact of the described modications on the classical
invariants of a Legendrian knot consult Table 5.1.

Theorem 5.2.3. Each closed oriented 4-dimensional manifold admits a generalized SSF structure.
Proof.

4-dimensional manifold. Consider a nice
M0 , P and M1 be codimension zero submanifolds of M such that M0 is a sum of 0- and 1-handles, P is a sum of 2-handles
while M1 is a sum of the handles of indices 3 and 4. We obtain the following
decomposition of the manifold M
Let

M

be a closed oriented

handle decomposition of

M.

Let

M∼
= M0 ∪N0 S0 ∪N0 P ∪N1 S1 ∪N1 M1 ,
∂Mi = Ni , ∂P = N0 ∪ N1 and Si = Ni × I .
M0 and M1 are built out of handles of indices 0 and 1 so
using contact 1-surgery we can construct exact symplectic lling structures on
them. Let η0 and η1 denote the induced contact structures on the boundaries
N0 and N1 of M0 and M1 respectively.
Let L denote the link of the framed knots in N0 used to attach the 2-handles.
where

The manifolds

We can assume that

L, possibly after its isotopic perturbation, consists of Legη0 .
M , we need to construct a genS0 ∪N0 P ∪N1 S1 such that (N0 , η0 )

endrian knots with respect to the contact structure
In order to get the required structure on
eralized SSF structure with boundary on
and (N1 , η1 ) are the
S0 ∪N0 P ∪N1 S1 .

induced contact manifolds on the boundary components of
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Let us start with the trivial SSF structures on

Si

coming from the trivial

symplectic cobordisms

S1 = (N1 × [0, 1], d(e−t+1 η1 )).

S0 = (N0 × [−1, 0], d(et+1 η0 )),

ηei the contact structure induced on Ni × {0} by the SSF structure on
Si . Obviously, at rst we have ηei = eηi . Let us call Ni ×{0} ⊂ Si a free boundary
of Si (this indicates the fact that all the modications of the SSF structure on
Si will be made along this component of the boundary and the other boundary

Denote by

component will stay xed). Our goal is to modify the generalized SSF structures
on

Si

so that the following conditions are fullled.

(i) The knots in the link

L can be appropriately stabilized or destabilized so

that all of them have contact framing

L0 .

(ii)

−1.

We will denote the new link by

(N1 , ηe1 ) is the result of the contact surgery on (N0 , ηe0 ) along L0 . This gives
P a structure of an exact symplectic cobordism from (N0 , ηe0 ) to (N1 , ηe1 ).

Note that constructing such generalized SSF structures on
the theorem. Indeed, a generalized SSF structure on
gluing together the exact symplectic manifolds
folds

Si

and the exact symplectic cobordism

P

Mi ,

M

Si

is enough to prove

can then be obtained by

the generalized SSF mani-

along their common boundaries.

Observe that, by the conditions (i) and (ii), the contact structures induced on
the boundaries agree.
Let us start by arranging the contact framings of the knots in

K ∈

L.

If its contact framing is greater than

−1,

L.

Take

then we are able to de-

crease the Thurston-Bennequin invariant by stabilizing the knot an appropriate
number of times. By the denition of tb this results in decreasing the contact
framing. Note that since at this stage we are only interested in tb and we do not
care about the rotation, it does not matter whether we use positive or negative
stabilizations of

K.

Let us now assume that the contact framing of

K

is less than

−1.

case we need to introduce an overtwisted disc to be able to destabilize
consequently, increase its tb invariant.
alized SSF structure on

S0

(N0 , ηe0 )

by attaching an overtwisting SSF block to its free

with a loose knot

K.

S0

we get an overtwisted contact

One can now destabilize the knot

and, consequently, increase its framing.
After repeating the described procedure for all knots in
link

and,

To this end let us modify the gener-

boundary. In this way, on the free boundary of
manifold

In this

K

L0 consisting of knots of the contact framing −1.

K

L, we obtain a new
L

(N0 , ηe0 ) along 0 . As
0
a result we obtain a contact manifold (N1 , η1 ). To nish the proof it is enough
0
to make the two contact structures on N1 , η1 and ηe1 , agree.
It is now possible to perform a contact surgery on

We will use Theorem 2.3.1 saying that homotopic overtwisted contact struc-

tures are isotopic. By the discussion in Subsection 5.2.1, we know that the ho-

ξ on a 3-manifold is completely deterd3 (ξ) provided that the second integral
cohomology group of the manifold has no 2-torsion. The assumption on the cohomology group is, indeed, fullled by the manifold N1 since it is a result of
3
a sequence of 1-surgeries on S . Therefore, if only we ensure that the contact
motopy class of an oriented plane eld

mined by the two invariants:

c1 (ξ)

and
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critical points of index

M1

3

and

U1

critical points of index

P

2

U0

M0
critical points of index

Figure 5.1: Generalized strong symplectic fold structure on

structures
and

d3 (ξ)

η10

and

ηe1

0

and

1

M

are overtwisted, it is enough to make the two numbers

c1 (ξ)
S0

agree. This will be done by modifying concave SSF structures on
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4

and

S1 .

The following technique of arranging
was introduced in [13].

c1 (ξ)

and

d3 (ξ)

is well known and it

For the sake of completeness we will briey describe

the technique here. The presented argument is based on [15].

c1 .

Let us start with arranging the invariant
that

c1 (ker(ηe1 )) = 0.

now apply further modications to the link
in order to make

η10

It follows from Equation (5.3)

Note that at this point we still have

satisfy

L0

c1 (ker(η10 )) = 0.

ηe1 = eη1 .

We will

and to the SSF structure on

S0

We need to pay attention not to

modify the already arranged contact framings of the knots in

L0 .

Note that by

simultaneously applying a positive stabilization and a negative destabilization
of a knot one can decrease its rotation by
ilarly, we can increase the rotation by

2

2

without changing its framing. Sim-

by simultaneously applying a negative

stabilization and a positive destabilization. As in the previous step of the proof,
in order to be able to perform a knot's destabilization, we modify the SSF structure on

S0

S0 .

by attaching an overtwisting SSF block to the free boundary of

It is, therefore, possible to change the rotation number of a knot by an arbi-

P.D.c1 (ker(η10 ))|2 = 0 (see Proposition 4.1. in [22]),
0
0
it follows that we can modify η1 so that c1 (ker(η1 )) = 0.
Finally, let us deal with the d3 invariant. Note that, according to Equation
(5.4), a negative stabilization of a contact structure increases the d3 invariant
by 1, since it introduces a new surgery with respect to the contact framing +1.
trary even number. Since

It follows that we can make the invariants agree by negatively stabilizing one of
the contact structures

η10

ηe1 . This corresponds to attaching an overtwisting
S0 or S1 respectively.
0
structures ηe1 and η1 are of the same homotopy class.
or

block to the free boundary of
The resulting contact

To make them isotopic we need to ensure that they are both overtwisted.
necessary, this can be done by attaching a further overtwisting block to

S0

If

and

S1 .
Note that analogously we get the following result for manifolds with boundary.

Theorem 5.2.4. Let M be an oriented 4-dimensional manifold with boundary
and let µ be a contact structure on Q = ∂M . Then M admits a generalized SSF
structure with the contact boundary (Q, µ).
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Chapter 6

Properties of SSF-contact
structures
In the following chapter, we study properties of SSF-contact structures. Let us
recall that an SSF structure on a manifold

M

induces a contact form on

M × S1

given by an explicit formula. Such a contact form is called an SSF-contact form.
See Section 4.7 for details.
We determine some basic properties of SSF-contact structures. Moreover,
we classify SSF-contact structures in dimension
responding

2-distributions.

3

up to homotopy of the cor-

Finally, we discuss llability of SSF-contact forms

giving examples of classes of both llable and non-llable manifolds.
We organize the chapter in the following way.
In Section 6.1, we discuss general properties of SSF-contact manifolds. More
specically, we nd a family of convex hypersurfaces, we give the concrete formula for the Reeb vector eld and we discuss the transversality of the

S 1 -loops.

3

up to ho-

In Section 6.2, we classify SSF-contact structures in dimension
motopy of the corresponding
a given oriented surface
every homotopy type of

2-distributions.

In particular, we prove that for

Σ there exists an SSF-contact structure
S 1 -invariant cooriented 2-distributions.

on

Σ × S1

in

In Section 6.3, we discuss the llability of SSF-contact structures. We prove

(M ∪ M ) × S 1

that SSF-contact structures on

are llable. Moreover, we discuss

applications of the planar torsion to construct examples of non-llable SSFcontact manifolds of dimension

3.

6.1 General properties of SSF-contact structures
Consider an SSF manifold

M = M0 ∪N M1 ,
where on

N

there exists a contact structure

are exact symplectic llings of

M × S1.

Let us recall that the

(N, η).
form α



 λ1 + dθ
f (t)η + g(t)dθ
α=

 λ − dθ
2

η such that (M0 , dλ0 ) and (M1 , dλ1 )
α be the induced contact form on

Let

is dened by the following formula.

on

M̊0 × S 1 ,
(N × [−1, 1]) × S 1 ,

on

M̊1 × S 1 .

on
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Here we use the notation from Section 4.7.

S 1 -invariance
α is S 1 -invariant. It follows that ∂θ
α and a hypersurface M ×{θ} is a convex hypersurface
1
for each θ ∈ S . Note, moreover, that (N × {0}) × {θ} is the dividing set on
such a hypersurface with respect to the contact vector eld ∂θ . Indeed,


on
M̊0 × S 1 ,
 1,
g(t),
on
(N × [−1, 1]) × S 1 ,
α(∂θ ) =

 −1,
M̊ × S 1 ,
on

One can see from the formula that the form
is a contact vector eld of

1

which is equal to

0

(N × {0}) × S 1

precisely on

(see Figure 4.8).

Reeb vector eld
Let us determine the formula for the Reeb vector eld of the form
derivative of

dα

=

α

α.

The

is given by





dλ1 ,

f (t)dη + f (t)dt ∧ η + g (t)dt ∧ dθ,

on

M̊0 × S 1 ,
(N × [−1, 1]) × S 1 ,




dλ2 ,

on

M̊1 × S 1 .

on

0

0

R = ∂θ

Observe that the vector eld

M̊0 × S 1 .

fullls the Reeb vector eld conditions on

Indeed,
dα(R, ·)

Similarly, on

M̊1 × S 1

= 0,

α(R) = 1.

R = −∂θ is
(N × [−1, 1]) × S 1

the vector eld

Let us now focus on the set

the Reeb vector eld.
and look for the Reeb vector

eld among the elds of the form

R = a(t)RN + c(t)∂θ ,
where

RN

is the Reeb vector eld on
dα(R, ·)

(N, η).

Let us calculate

= −a(t)f 0 (t)dt − c(t)g 0 (t)dt

and

α(R) = a(t)f (t) + c(t)g(t).
It follows that in order to nd

R,

we need to solve the following system of

equations

−a(t)f 0 (t) − c(t)g 0 (t) = 0
a(t)f (t) + c(t)g(t) = 1
After multiplying the rst equation by

f (t)

(which by assumption is nowhere

zero, see condition (iii) in the denition of the contact SSF form) and pluging
in

a(t)f (t)

from the second equation we get



− 1 − c(t)g(t) f 0 (t) − c(t)f (t)g 0 (t) = 0.
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Thus we can get

c(t)

as

c(t) = −

f 0 (t)
.
− f 0 (t)g(t)

f (t)g 0 (t)

f (t)g 0 (t) − f 0 (t)g(t),

We can divide by

since this expression is positive by as-

sumption (see condition (iv) in the denition of the contact SSF form). Note
that

c(t) = 0

precisely for

t = 0, c(t)

is positive for

t<0

For the sake of completeness let us give the formula for

a(t) =
It follows that for

t=0

t > 0.

g 0 (t)
− f 0 (t)g(t)

f (t)g 0 (t)

the Reeb vector eld

the scaled Reeb vector eld of

and negative for

a(t).

R

is tangent to

N

and is equal to

(N, η).

Transversality
From the form of the Reeb vector eld indicated in the previous paragraph we

1
{z}×S
are positively transverse to the contact structure for

z ∈ M̊0 ∪ N × [−1, 0) . Similarly, the curves {z} × S 1 are negatively transverse

to the contact structure for z ∈ M̊1 ∪ N × (0, 1] . Moreover, since α(∂θ ) = 0

1
on N × {0} × S , the curves are Legendrian for z ∈ N × {0}.
see that the curves

6.2 Up to homotopy classication of SSF-contact
structures in dimension 3
In this section, we study homotopy classes of hyperplane elds corresponding to
SSF-contact structures. In particular, we show that for manifolds of dimension

3 there exists an
2-distributions.

SSF-contact structure in any homotopy class of

SSF-contact structures as maps to
Consider an SSF manifold

M 2n

S 1 -invariant

S 2n

such that

M × S1

is parallelizable. Homotopy

2n-dimensional coorientable distributions on M × S 1 are in one-to-one
1
2n
correspondence with homotopy classes of functions M ×S → S
. For a contact
1
form α on M × S a corresponding function can be dened as the Reeb vector
1
eld of α projected to the ber of a trivialization of T (M × S ) and normalized.
1
If we restrict ourselves to S -invariant contact structures, it is enough to
2n
consider homotopy classes of functions M → S
. By the Hopf theorem, such
classes of

a homotopy class is uniquely determined by the degree of a function representing
that class.
Let

α

be a contact form on

M × S1

induced by an SSF structure on

M.

Let

us here use the same notation as in Section 6.1.
As was noted in Section 6.1, the form

α

is

S 1 -invariant.

Thus, from the dis-

cussion above it follows that the homotopy class of the induced

2n-distribution

M → S 2n

determined by

corresponds to a homotopy class

[fα ]

of functions

the Reeb vector eld and is uniquely determined by the degree of a function
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fα .

In Section 6.1, we have found the following formula for the Reeb vector eld
of

α



 ∂θ
a(t)RN + c(t)∂θ
R=

 −∂
θ

where the functions

a

c

and

on

M̊0 × S 1 ,
(N × [−1, 1]) × S 1 ,

on

M̊1 × S 1 ,

on

are dened as

0

a(t) =
and

RN

g (t)
,
f (t)g 0 (t) − f 0 (t)g(t)

is the Reeb vector eld on

3-dimensional

(6.1)

c(t) = −

f 0 (t)
f (t)g 0 (t) − f 0 (t)g(t)

(N, η).

case
3-dimensional SSF-contact manifolds, where
fα can be analyzed explicitly. Let Σ be a closed, oriented

Let us now focus on the case of
the degrees of functions
surface and let

Σ = Σ0 ∪Γ Σ1
Σ determined by the union Γ of disjoint circles on Σ.
Γ form the separating hypersurface of the SSF structure. Denote by
α the induced contact structure on Σ×S 1 . We are going to construct a function
fα , which corresponds to α as described above.
be an SSF decomposition of

The circles

Let

h = (h1 , h2 , h3 ) : Σ × {θ} −
→ Σ̃ ⊂ R3
∼
=

Σ × {θ} into R3 . We can choose h in such a way that
Γ̃ = h(Γ) is contained in the XY plane and that a neighbourhood of each circle
γ ⊂ Γ̃ in Σ̃ is of the form γ × [−, ]. Moreover, let the embedding h be such
that the Reeb vector eld R of α is equal to ±∂θ outside the counter image of
sets γ × [−, ].
∼
=
The dieomorphism h : Σ × {θ} −
→ Σ̃ induces an isomorphism h∗ of tangent

be an embedding of

bundles

h∗ : T(Σ × {θ}) → TΣ̃.
This allows us to construct an isomorphism of the following vector bundles

F : T(Σ × S 1 ) |Σ×{θ} → TR3 |Σ̃
F (v) = h∗ (v) for v ∈ T (Σ × {θ}) and
Σ̃.
2
the value of a function fα : Σ → S for a

by setting

sending

∂θ

to the outward

pointing vector eld to
Then

point

p∈Σ

can be dened

by the following composition

kπk

F

p 7→ R(p,θ) 7→ F (R)h(p) → S 2 ,
where

kπk

R(p,θ)

is the Reeb vector of the contact form

R3

is the projection of T

α

at the point

(p, θ)

and

R3

to a ber via the standard trivialization of T

followed by the normalization of a vector.

p∈Σ
Γ the value of the function fα is a normal vector to Σ̃
h(p) (pointing outwards or inwards Σ̃). As the point p approaches

From Formula (6.1) for the Reeb vector eld it follows that for a point
away from the dividing set
at the point
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Γ, the
p ∈ Γ.

value of

fα

leans to the surface

Σ̃

to nally become tangent to

Γ̃

for

Our goal, now, is to describe a procedure of calculating the degree of the function

Σ

fα .

For this reason let us consider the following operation on the surface

producing a new surface

eration.

Σ0

and let us call this operation the

reducing op-

The operation will consist of the following two steps.

1. Cut the surface along a separating circle

γ ∈ Γ.

2. Glue a disc to each of the two boundary circles produced in the step 1.

Σ0 = Σ\γ ∪ D2 ∪ D2 (see Figure
6.1). Let us consider the SSF structure on Σ with Γ\γ as the dividing set.
0
0
Denote by α the induced contact structure on Σ and by fα0 the corresponding
0
2
function Σ → S .

The reducing operation produces a new surface

0

γ

Figure 6.1: Reducing operation

The reducing operation does not change the degree of the function associated
with the contact structure.

Lemma 6.2.1.
Proof.

deg(fα0 ) = deg(fα ).

Let us consider the point

the counter image of

(0, 0, 1)

by

(0, 0, 1) ∈ S 2 . By the form of the
fα is fully contained in Σ̊0 t Σ̊1 .

embedding

h

We can perform the reducing operation and attach the two discs in such
a way that

−1
fα−1
0 (0, 0, 1) = fα (0, 0, 1) ∪ {p0 , p1 },
where

p0

and

p1

belong to the attached discs.

preserving at one of the points
It follows that the degrees of

p0

fα

p1
fα0

and

and

Note that

fα0

is orientation

and orientation reversing at the other.
are equal.

Note that the reducing operation allows us to calculate the degree of any
function induced by an SSF structure. Indeed, by iterating the operation one
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can get rid of the separating set. Now, in order to calculate the degree of

fα ,

fΣ : Σ → S 2

for

it is enough to know degrees of functions
a given oriented surface
eld to

Σ.

Σ ⊂ R3

fΣ .

Here, a function

is a normalized outward pointing normal vector

One can easily prove the following lemma.

Lemma 6.2.2. Let Σ be a closed oriented surface of genus g. Then
deg(fΣ ) = 1 − g.
Now, let us show that any number can be represented as a degree of a function corresponding to an SSF-contact structure.

Proposition 6.2.3. For a given closed oriented surface Σ every integer can
be represented as the degree of the function corresponding to an SSF-contact
structure on Σ × S 1 .
Proof.

Let

Σ = Σ0 ∪Γ Σ1
α be the implied contact form
fα be the function related to α as described above.
Consider the following modied SSF structure on Σ
be an SSF structure on

Σ,

let

on

Σ × S1

and let

Σ = (Σ0 ∪ D2 ) ∪Γ∪γ (Σ1 \D2 )
with a new contractible loop

α0

γ

added to the dividing hypersurface. Denote by

the contact structure associated with the new SSF structure. Then

deg(fα0 ) = deg(fα ) + 1.
It can be seen by performing the reducing operation on the new structure along
the separating circle

γ.

Similarly, for the SSF structure

Σ = (Σ0 \D2 ) ∪Γ∪γ (Σ1 ∪ D2 )
the degree of the new function is given by

deg(fα0 ) = deg(fα ) − 1.
By iterating one of these operations one can get a contact structure with an arbitrary degree of the induced function.

Corollary 6.2.4. For a given oriented surface Σ there exists an SSF-contact
structure on Σ × S 1 in every homotopy class of S 1 -invariant cooriented 2distributions.
Remark 6.2.5.

Let us formulate the above results in terms of the classical in-

d2 and d3 of the 2-distributions (see Section 4.2 in [18] for the denitions
of d2 and d3 ). Let α be an SSF-contact structure. Then d2 (ker α) = deg(fα ).
Moreover, if the d2 -invariants of SSF-contact forms α0 and α1 are equal, then
d3 (ker α0 , ker α1 ) = 0.
variants

62

6.3 Fillability of SSF-contact structures
In this section, we are going to discuss llability of SSF-contact structures.
In Subsection 6.3.1, we will construct an exactly llable SSF-contact structure on

S 2n ×S 1 .

In Subsection 6.3.2, we are going to generalize this construction

to show that the natural SSF structure on doubles induces an exactly llable
SSF-contact structure.

Finally, in Subsection 6.3.3, we will use the notion of

planar torsion (see [41]) to give examples of non-llable SSF-contact structures
in dimension

3.

6.3.1 Fillable SSF-contact structures on S 2n × S 1
In this section, we are going to consider standard contact structures on
We will observe that the structures are llable.
contact structures on

S 2n × S 1

α st

Finally, we will point SSF-

isotopic to the standard structures.

Standard contact structures on
Consider the following form

S 2n ×S 1 .

on

S 2n × S 1

S 2n × S 1

α st := z dθ +

n
X

(xi dyi − yi dxi ),

i=1

θ is the S 1 -coordinate, (z, x1 , y1 , . . . , xn , yn ) are the standard coordinates
2n+1
2n
and S
⊂ 2n+1 is the inclusion of S 2n as the unit sphere.

where

R
R
Lemma 6.3.1. α st is an exactly llable contact form on S 2n × S 1 .
Proof. Consider the manifold R2n+1 × S 1 with the following symplectic form

of

ω := dz ∧ dθ + 2

n
X

dxi

∧ dyi .

i=1
The vector eld

ω.

Y = z∂z +

1
2

Pn

i=1 (xi ∂xi

+ yi ∂yi )

is a Liouville vector eld of

Indeed,

LY ω = dιY ω = d z dθ +

n
X

(xi dyi − yi dxi ) = ω.
i=1

Moreover, the eld

Y

S

2n

a contact form on

is transverse to

×S

1

and

(D

2n+1

S 2n × S 1 . It follows that α st = ιY ω
×S 1 , ω) is its exact symplectic lling.

SSF-contact structures on

S 2n × S 1

Consider an SSF structure on

S 2n

is

associated with the decomposition

S 2n = D2n ∪ D2n ,
D2n is equipped with the symplectic form dλ for λ =
2n
Denote by α the contact form on S
× S 1 induced by the
where

Lemma 6.3.2. The contact form α is isotopic to α st .
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Pn

i=1 (xi dyi −yi dxi ).

SSF structure.

Proof.

Consider the following projection

π : S 2n → D2n , (xi , yi , z) 7→ (xi , yi ).
λ̂

It induces a form

S 2n

on

as

λ̂ = π ∗ λ =

n
X
(xi dyi − yi dxi ).
i=1

Pn

2
i=1 (xi

r=

Let

+ yi2 ).

For

r 6= 0

we can calculate


n
n 
X
X
xi  yi  yi  xi 
2
− d
= r2 η,
d
λ=
(xi dyi − yi dxi ) = r
r
r
r
r
i=1
i=1
where

η

is the standard contact form on the unit sphere

S 2n

the form to

S 2n−1 .

After lifting

we get

λ̂ = r2 η = (1 − z 2 )η.
Using this notation we get the following formulas for


 λ̂ + z dθ,
(1 − z 2 )η + z dθ,
α st =

λ̂ + z dθ,
and

Let us, rst, focus on

z ∈ (−, ).

(f (z), g(z))

for
for

and

g1 = z

gt

for
for

f 6= 0

f (z)η + g(z)dθ

and a vector from the origin to

ft

and

gt

from

f0 = f

and

g0 = g to
(ft , gt )

so that this condition is fullled for every pair

and consequently the forms
function

z ∈ [, 1],
z ∈ (−, ),
z ∈ [−1, −].

for

is never tangent to the curve at that point.

One can choose a path of functions

f1 = 1 − z 2

α

The condition for the form

to be contact is equivalent to say that
a point on the curve

and

z ∈ [, 1],
z ∈ (−, ),
z ∈ [−1, −]

for


 λ̂ + dθ,
f (z)η + g(z)dθ,
α=

λ̂ − dθ,

α st

ft (z)η + gt (z)dθ

are contact (see Figure 6.2). The

can be chosen in such a way that it is linear close to

0 to 1 as t runs from 0 to 1.
z ∈ [, 1]. Here the isotopy αt

z = ±

with

the slope increasing from
Now let us consider

between

α

and

α st

can

be constructed as

αt = λ̂ + lt (z)dθ,
where

lt

is the linear part of the function

shows that

αt

gt

is a contact structure for every

The case of

z ∈ [−1, −]

close to

.

An easy calculation

t.

is analogous.

The three described isotopies collectively form an isotopy from

α st

to

α.

Corollary 6.3.3. The contact structure α is strongly llable.
Remark 6.3.4. Note that in dimension 3 Lemma 6.3.2 follows from the Lutz's
Σ = Σ0 ∪Γ Σ1 of
S 1 -invariant
1
contact structure for which the loops {z} × S are positively transverse for z in
the interior of Σ0 , negatively transverse for z in the interior of Σ1 and Legendrian
for z ∈ Γ.
construction in [28], which implies that for a decomposition

a surface

Σ

the product

Σ × S1

admits a unique (up to isotopy)
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ft

gt
Figure 6.2: A path of functions

(ft , gt )

6.3.2 Fillability of SSF-contact structures on (M ∪ M ) × S 1
(M, dλ)

Let

be an exact symplectic manifold with convex boundary.

M

The double of
by

α

admits a natural SSF structure (see Section 4.2). Denote

the contact form on

(M ∪ M ) × S 1

induced by the SSF structure.

Proposition 6.3.5. The contact manifold ((M ∪ M ) × S 1 , α) admits an exact
symplectic lling.
Proof.

Let us start with introducing a notation of the half disc

2
D+
,

which we

will use throughout the proof.

2
D+
:= D2 ∩ {x ≤ 0} = {x2 + y 2 ≤ 1} ∩ {x ≤ 0}
The boundary of

2
D+

consists of two parts

Ic = {x2 + y 2 = 1, x ≤ 0},
Let us consider the manifold

W

2
= Ic ∪ Il ,
∂D+

where

Il = {x = 0, y ∈ [−1, 1]}.

dened as

2
W = (M × [−1, 1]) ∪f (∂M × D+
).

(6.2)

We have that

∂(M × [−1, 1]) = (∂M × [−1, 1]) ∪ (M × {−1, 1}),
and

2
∂(∂M × D+
) = (∂M × Ic ) ∪ (∂M × Il ).

f from the denition (6.2) of W relates the part ∂M ×[−1, 1]
2
M ×[−1, 1] with the part ∂M ×Il of the boundary of ∂M ×D+

The gluing function
of the boundary of

and can be dened by

f : ∂M × [−1, 1] → ∂M × Il ,
(x, s) 7→ (x, (0, s)).
See Figure 6.3 for a schematic picture of
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W.

M × [−1, 1]
U × [−1, 1]

Il
Ic
2
D+

Figure 6.3: Filling

The boundary of

W

W

of an SSF-contact structure on

(M ∪ M ) × S 1

is given by the formula

∂W = M × {−1, 1} ∪ ∂M × Ic .
Note that

∂W

is dieomorphic to the double of

(M ∪ M ) × S 1 .
1
dµ on W × S convex

M.

Therefore,

W × S1

is a topological lling of

Our goal is to construct an exact

symplectic structure

on the boundary.

(M, dλ) has a convex boundary, we can choose a collar neighbourhood
U∼
∂M
×
[ 12 , 1] of the boundary M × {1} of M so that
=
Since

λ=
where

η

1 2
r η,
2

∂M and r ∈ [ 21 , 1].
2
(U × [−1, 1]) ∪f (∂M × D+
) ⊂ W we

is a contact form on

Now, on

π(p, r, t) = (1 − r, t)
π(p, x, y) = (x, y)

can dene a map

on

U × [−1, 1],

on

2
∂M × D+
,

π

to

R2 as

2
p ∈ ∂M , r ∈ [ 21 , 1], t ∈ [−1, 1] and (x, y) ∈ D+
. The map π together
with the smooth coordinates on ∂M produces smooth coordinates on W around
the points of the submanifold along which we glue the two pieces of W together.
where

We will use these coordinates to prove the smoothness of the constructed symplectic form dµ.
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Let us dene the form



µ

as

λ + tdθ
1
2
2 (1 − x) η + y dθ

µ=

on
on

We see from the denition of the function
the boundary that the form


dµ

=

dλ

µ

π

M × [−1, 1],
2
.
∂M × D+

and from the form of

λ

close to

is smooth. Let us calculate the derivative of

+ dtdθ
− x)2 dη − (1 − x)dxη + dy dθ

M × [−1, 1]
2
∂M × D+

on

1
2 (1

on

(dµ)n is then given by

(n + 1)(dλ)n dt dθ
n+1
(dµ)
=
n(n+1)
2n−1
η(dη)n−1 dxdy dθ
2n−1 (1 − x)

µ.

The form

We see that

(dµ)

n+1

6= 0,

Y =
where

on

what proves that dµ is symplectic.

Consider the following vector eld



M × [−1, 1],
2
∂M × D+
.

on

Y

on

YM + t∂t
− 12 (1 − x)∂x + y∂y

W
M × [−1, 1],
2
∂M × D+
,

on
on

YM is a Liouville vector eld on (M, dλ).
(W, dµ). Indeed,

ιYM dλ + tdθ
on
ιY d µ =
1
2
(1
−
x)
η
+
y
dθ
on
2

Then

Y

is a Liouville vector

eld on

Since

YM

is Liouville for dλ, we have

Note that

(W, dµ)

Y

ιYM dλ = λ

M × [−1, 1],
2
∂M × D+
.
and, consequently,

points outwards along the boundary of

is an exact symplectic lling of

W.

ιY dµ = µ.

It follows that

(∂W, µ). Similarly as in the proof
(∂W, µ) is contactomorphic to

of Lemma 6.3.2 one can see that the manifold

((M ∪ M ) × S 1 , α).

6.3.3 Planar torsion and llability of SSF-contact 3-manifolds
In Section 3.3, we have mentioned the notion of planar torsion. Here, we are
going to use planar torsion to give examples of non-llable SSF-contact structures.
Planar torsion was introduced in [40] by the means of blown up summed
open books (a generalization of open book decompositions also dened in [40]).

Denition 6.3.6. Let N be a
open book on N is a bration

compact

3-manifold.

A

blown up summed

π : N \ (B ∪ I ) → S 1 ,
where B ⊂ N \ ∂N (the binding) is an oriented link and I ⊂ N \ ∂N (the interface) is a set of disjoint 2-tori.
The connected components of the bres are called pages.
A contact structure ξ on N is said to be supported by π , if there exists
a Reeb vector eld of

ξ

positively transverse to the pages and positively tangent

to their oriented boundaries and, moreover, the characteristic foliation of

ξ

on

each boundary or interface torus has closed leaves in the homology class of
the meridian.
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A blown up summed open book is called
nected.

irreducible, if the bres are conπ

A general blown up summed open book

decomposed to a union of

irreducible subdomains

on a manifold

N

can be

N = N1 ∪ N2 ∪ . . . Nn ,
where

πi

Ni

are manifolds with irreducible blown up summed open book structures

such that pages of

the interface of

π.

πi

are pages of

π

and they are glued along tori from

A blown up summed open book is called

symmetric,

if it

has no boundary and it contains exactly two irreducible subdomains each of
pages of the same topological type and empty binding and interface.
Note that

3-dimensional

SSF-contact manifolds admit a natural blown up

summed open book. Indeed, as discussed in Section 4.2, any decomposition of
a surface

Γ

Σ into a sum of two surfaces Σ0

and

Σ1

along their common boundary

is an SSF-decomposition. Then, one can consider a blown up summed open

Γ × S 1 and a bration
π given by the projection to S preserving the orientation of S 1 on Σ0 × S 1 and
1
reversing the orientation on Σ1 × S . The SSF-contact structure induced by
the decomposition Σ = Σ0 ∪Γ Σ1 is supported by π . Indeed, the Reeb vector eld,
book on

Σ × S1

with an empty binding, interface equal to

1

as calculated in Section 6.1, is positively transverse to the pages. Moreover, since

∂θ ∈ ξ

and the Reeb vector eld is tangent to

foliation of

ξ

Γ

we see that the characteristic

on each interface torus has closed leaves in the homology class of

the meridian.

Denition 6.3.7.

Consider a contact

say that the manifold has

of a connected contact manifold
supporting

•

ξ

3-manifold

and an integer

k ≥ 0.

We

planar k-torsion, if it admits a contact embedding
(N, ξ)

with a blown up summed open book

π

and fullling the following conditions.

There exists a planar irreducible subdomain

NP ⊂ N

with pages of

k+1

boundary components.

• N \ NP
• π

is not empty.

is not symmetric.

In [41], it is shown that planar torsion is an obstruction to llability.
Planar torsions can be naturally used to dene a family of non-llable SSFcontact structures. Indeed, consider an SSF structure induced by a decompo-

Σ = Σ0 ∪Γ Σ1 , where Σ0 and Σ1 are not dieomorphic and one of Σ0
Σ1 contains a planar connected component. Such an SSF structure deter1
mines the SSF-contact structure on Σ × S which admits a blown up summed

sition
and

open book as described above. This open book determines a planar torsion of
the contact structure, what implies that the contact structure is non-llable.
See Figure 6.4 for an example of an SSF structure inducing a non-llable SSFcontact manifold with a planar torsion.
The proposition below follows from the discussion in this and the previous
section.

Proposition 6.3.8. For any oriented surface Σ the manifold
both llable and non-llable SSF-contact structures.
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Σ × S1

admits

Figure 6.4: An SSF structure inducing a non-llable SSF-contact manifold with
planar torsion

Proof.

3

A llable structure can be got by decomposing

dieomorphic surfaces with boundary.
decompose

Σ

in such a way that one of

Σ

into a sum of two

To get a non-llable structure we can

Σi
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has a planar connected component.
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