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1 Introdu tion
Algebrai

topology is a theory that tries to

logi al spa es,

reating simplied algebrai

pli ated geometri
the

apture subtle properties of topoonstru tions from a more

om-

pi ture. It allowed to prove very important theorems in

ase of spa es with a good lo al behaviour (e.g. Borsuk-Ulam Theorem

[1, Theorem 7.2.3℄, Hairy Ball Theorem [4, Theorem 16.5℄ and many more
[1℄).
The results we mentioned above
of te hniques

an be proved by means of spe i

range

alled homology theory. Its various modi ations work well for

spa es with good lo al behaviour. However, there are

ertain problems when

one tries to apply them to the wild topologi al spa es.
One of the rst examples of
Barratt [2℄, where the authors

ounterintuitive phenomena is by Milnor and
onstru t a two-dimensional spa e whi h has

innitely many nonzero homology groups (a

ording to intuition all groups

of dimensions greater than two should be zero for a two-dimensional spa e).
Be ause of su h pathologi al examples algebrai topology aimed at spa es
with a good lo al behaviour for a long time. There were only some separated
results on wild topologi al spa es. However, lately there started systemati
study of the eld.
In this arti le we

ontinue our

onsiderations from semester paper [8℄ on

Milnor-Thurston homology theory in the

ase of wild topologi al spa es (the

Warsaw Cir le and its modi ations shall be the examples

onsidered here).

We will fo us on investigating the zeroth Milnor-Thurston homology group.
In Se tion 2 we re all basi denitions and fa ts from Milnor-Thurston homology theory. Then, in Se tion 3 we prove that the zeroth Milnor-Thurston
homology group is innite dimensional. In Se tion 4 we introdu e Berlanga
topology and we des ribe Zastrow's

onstru tion of a spa e where zero order

Milnor-Thurston homology group is non-Hausdor. Finally, in Se tion 5 we
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prove that the zeroth Milnor-Thurston homology group of the Warsaw Cir le
is also non-Hausdor.

2 Basi s of Milnor-Thurston homology theory
Milnor-Thurston homology theory is a version of the homology theory whi h
admits
in

hains with innite number of simpli es. Its rst appearean e was

onne tion with hyperboli

Theorem 6.4℄, whi h
hyperboli

geometry in the proof of Gromov theorem [9,

ontent is that two three-dimensional

losed oriented

manifolds with the same volume are isometri if they admit degree

one maps.
Two de ades later the theory was formalised by Zastrow [10℄ and Hansen
[5℄ independently, and its denition was generalized to all topologi al spa es.
In addition, it was proved that this theory satises Eilenberg-Steenrod axioms
with weakened Ex ision Axiom, whi h is equivalent to the

lassi al one for

well behaved spa es (in luding all normal spa es) [10℄.
We shall start
dening its

H, et

.) for

hain

C• .

In this paper we shall use

alligraph letters (C ,

onstru tions in Milnor-Thurston homology theory and ordinary

letters for the

H,

onstru tion of Milnor-Thurston homology theory with
omplex

orresponding

onstru tions in singular homology theory (C ,

et .)
We will be

on erned with singular simpli es ( ontinuous fun tions from
k
the standard simplex ∆ to our topologi al spa e X ) as in the ase of
the singular homology theory. We endow the spa e of singular simpli es
C 0 (∆k , X) with the
. On this spa e we onsider Borel
0
k
sets B(C (∆ , X))  the smallest σ -algebra generated by open sets. A mea-

ompa t-open topology

Borel measure

sure dened for all Borel sets on the given spa e is alled a
. A
0
k
of Borel measure µ is a set D ⊂ C (∆ , X) su h that all measurable
0
k
subsets of C (∆ , X) \ D are zero sets.
0
k
0
l
Given a ontinuous fun tion f : C (∆ , X) → C (∆ , Y ) and an arbitrary
0
k
0
l
Borel measure µ on C (∆ , X) we dene the image measure f µ on C (∆ , Y )

arrier

with the formula:

(f µ)(A) = µ(f −1 (A)).
Next, we dene the sequen e Ck (X) of real ve tor spa es onsisting of signed
0
k
Borel measures on C (∆ , X) with some
. Now, we onstru t

ompa t arrier

the boundary operator

∂

in the usual way

∂=

k
X
i=0

(−1)k ∂i ,
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Figure 1: The Warsaw Cir le with distinguished points

where
with

∂i

δi

sends a measure to the image measure under the map

the usual in lusion of

∆k−1

with the boundary operator is a

as a fa e of

The Milnor-Thurston homology groups
ogy groups of this
a fun tor from the
omplexes.

hain

omplex

∆k .

We

an prove

hain- omplex.

C• (X).

H∗ (X) are then dened as homolC• an be treated as

Additionally,

ategory of topologi al spa es to the

Thus, we

σ 7→ σ ◦ δi
that C• (X)

ategory of

an dene relative homology groups

natural way.

H∗ (X, A)

hainin a

For more details on Milnor-Thurston homology theory see my semester
theses [7, 8℄.

3 Zero-dimensional homology for the Warsaw
Cir le
The aim of semester thesis [8℄ was to investigate higher order (greater then
zero) Milnor-Thurston homology groups of some spa es. The main example
that was

onsidered there was the Warsaw Cir le. In this se tion we study

zero order Milnor-Thurston homology group for the Warsaw Cir le.
The Warsaw Cir le (see Figure 1) is a well known spa e that serves as a
2
ounterexample in many ases. It is a subset of R that onsists of:

•

the part of Topologist Sine Curve
the line

x=0

{(x, y) ∈ R2 | y = sin 1/x}

and the rightmost minimum,

between

3
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{(0, y) ∈ R2 | −1 ≤ y ≤ 1},

•

the a

umulation line

•

an ar

onne ting the point

Throughout this paper
three families of points

4

(0, −1)

with the rightmost minimum.

W will denote the Warsaw Cir le. We distinguish
lk , mk , uk in W (see Figure 1). We shall refer to

them as minima of the sinusoid, zeros of the sinusoid and maxima of the
sinusoid respe tively.
Now we shall prove the following theorem

Theorem 1 The ve tor spa e H0 (W ) is un ountably-dimensional.
Proof.

The algebrai

tool we shall use in this proof is Mayer-Vietoris

theorem. It is true in Milnor-Thurston homology theory, be ause it is implied
by Eilenberg-Steenrod axioms (see the proof of Mayer-Vietoris theorem in
Greenberg's book [4, Theorem 17.6℄). It is also possible to prove in a more
dire t manner, similarly as in [6, p. 149℄.
The Warsaw Cir le

an be divided into an upper part

U

and a lower part
2
with the halfplane {(x, y) ∈ R |

L. The upper part is an interse tion of W
y > −ε} for some 0 < ε < 1. The lower part is reated in a similar manner
(the interse tion U ∩ L should be nonempty).
It has been proved that U , L and U ∩ L have homotopy type of a on-

vergent sequen e [8, Lemma 2℄, so their higher Milnor-Thurston homology
1
groups are trivial and zero order homology groups are equal ℓ [8, Lemma 3℄
1
(here ℓ denotes
of absolutely summable sequen es, we do
1
not, however, onsider it as a Bana h spa e with ℓ -norm).

the ve tor spa e

Consequently the Mayer-Vietoris sequen e is

(i∗0 , j∗0 )

s

−t

∗0
∗0
0 → H0 (U ∩ L) −−−−−→ H0 (U) ⊕ H0 (L) −−
−−−→
H0 (W ) −−−→ 0,

where

i : U ∩ L → U , j : U ∩ L → L, s : U → X , t : L → X

are in lusions.

In order to des ribe the arrows in the above diagram we should make
some remarks on the notation.

In ea h of the

omponents of

L

we have

distinguished a point (minimum of the sinusoid). By the proof of [8, Lemma
3℄ we see that ea h homology
supported on points
denoted by lk ). We

lk

lass of

(the respe tive

is represented by a measure

oe ients of the measure shall be

an pro eed in an analogous manner with

In [8℄ we have des ribed formulae for
above they are

H0 (L)

(i∗0 , j∗0 ),

u0 = m0 ,
uk = m2k + m2k−1 ,
lk = m2k + m2k+1 .

for

U

and

U ∩ L.

in the notation introdu ed

k > 0,

3
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(i∗0 , j∗0 ) is simply
U and in L.

The form of this equation is natural be ause
tion of a measure in

U ∩L

as a measure in

reinterpreta-

U and
x2k−1 = lk .

If we introdu e a unied notation for the distinguished points in

L

the above formulae will be ome simpler. So, let

Then we get

xk =
Now we



m0
mk + mk−1

H0 (W ) is
equation (1).

an see that

map dened by

a quotient

for
for

x2k = uk

and

k = 0,
k > 0.

ℓ1 /h(ℓ1 )

(1)

where

h : ℓ1 → ℓ1

is the

The above equation (1)
quen e

x· ,

we

an be inverted so that, given an arbitrary sex
an nd unique numbers mk that satisfy it:

mxk =

k
X

(−1)i+k xi .

(2)

i=0

x· ∈ ℓ1 represents a nonzero homology lass in H0 (W ) if it is not
x
image of (i∗0 , j∗0 ) or, equivalently, when the orresponding m· is not

An element
in the

an absolutely

onvergent sequen e.

For any spa e
Milnor-Thurston

X

there is the natural in lusion of singular

hains:

Ck (X, R) → Ck (X)

on the level of homology. Thus, we

hains into

[10℄. It indu es homomorphism

an form the following denition

Denition 2 A homology lass in Hk (X) shall be alled singular homology
lass if it lies in the image of Hk (X, R) → Hk (X). Otherwise it shall be
alled non-singular homology lass.
Now we

an nd a one dimensional subspa e of

to singular homology

H0 (W ) whi

lasses. In singular homology theory we

h

orresponds

onsider hains

with only nite numbers of simpli es, so for the sake of this argument assume
that the sequen e

x·

has only nitely many nonzero elements. We will prove
1
1
that su h an element x· ∈ ℓ represents the same homology lass as y· ∈ ℓ

y· = (α, 0, 0, 0, . . . ) for some α ∈ R. Let N
nonzero element in x· , then for k > N we have
!
N
X
mx−y
= (−1)k
(−1)i xi − α .
k

of the form
index of

denote the biggest

i=0

i
i=0 (−1) xi , yields mk = 0. Thus it is absolutely summable
y· represents the zero homology lass.

So putting
and

x· −

PN

α=

Now we shall prove that

H0 (W )

subspa e of singular homology
its dimension is un ountable.

is mu h bigger than one-dimensional

lasses. In fa t, as was stated in our theorem,

3
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Let us start with some sequen e of positive numbers
toni ally de reasing with
proof, let

x·

lim nk = 0.

nk

whi h is mono-

From now on, up to the end of this

have a spe ial form

xk = (−1)k (nk+1 − nk ).
We

an see that:

N
X
k=0

hen e the series is absolutely
x
Let us al ulate mk :

mxk =

|xk | = n0 − nN +1 ,

onvergent, so

x· ∈ ℓ1 .

k
k
X
X
(−1)i+k xi = (−1)k
(ni+1 − ni ) = (−1)k (nk+1 − n0 ).
i=0

(3)

i=0

|mxk | does not full the ne essary ondition it is not absolutely summable.
Hen e, x· does not orrespond to the zero homology lass
More generally, we will he k what onditions should x satisfy in order
to be a non-singular homology lass. So let y· = (α, 0, 0, 0, ...) (for α ∈ R) be
Sin e

a sequen e

orresponding to some singular homology

lass. In this

ase

mx−y
= (−1)k (nk+1 − n0 − α),
k
if we take

α = −n0

the sequen e satises the ne essary

onvergen e. Then, we see that su ient
homology

lass is

∞
X
k=0

so we are interested in sequen es

x to be a non-singular

nk = ∞,

onverging to zero but not too fast.

As an example of su h sequen e we

nβk =
with

ondition for

ondition of series

onsider:

1
,
(k + 1)β

0 < β < 1.

β
Now we shall prove that the homology lasses as onstru ted before: xk =
β
β
(−1)k (nk+1 − nk ) form a set of linearly independent ve tors. So take a nite
sequen e of numbers 0 < βi < 1 in an in reasing order, and some nite
sequen e of real numbers
P
βi
i bi x· is nontrivial.

z· =

bi .

We shall prove that the homology

lass of

4
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In order to do this we need to prove that the sequen e

mzk

= (−1)

k

X



bi

i

1
−1
(k + 2)βi



is not absolutely summable. To obtain the above formula we use the fa t
x
that m· is linear with respe t to x, and the equation (3).
P∞
z
First, we noti e that for the ne essary ondition of series
k=0 |mk | on-

P

i bi = 0. Then, the study of the
absolute summability of the above sequen e an be redu ed to the study of
vergen e to be satised, we should have

∞ X
X
k=0

For su iently big

k

i

bi
.
(k + 2)βi

the expression in

smallest of the numbers), so we

an

∞ X
X
k=0

i

|·|

has the sign of

b0

(sin e

β0

is the

onsider:

bi
.
(k + 2)βi

This series is divergent. The easiest way to see this is to use integral riterion.
First, we need to noti e, that it is for monotoni
appli ation of the

su iently big

k.

Then, the

riterion is straightforward.



4 Berlanga topology on Milnor-Thurston homology groups
Berlanga equipped Milnor-Thurston homology groups with a topology [3℄. He
showed that this homology groups are a sequen e fun tors from the
of se ond

ategory

ountable and separable topologi al spa es to the ategory of lo ally

onvex topologi al ve tor spa es (not ne essarily Hausdor !).
The topology is given in a natural way.
separable topologi al spa e.
dene a linear fun tional

Λf (µ) =
for

µ ∈ Ck (X).

Let

Given any fun tion

Z

X be a se ond ountable
f : Ck (X) → R we an

f dµ,
Ck (X)

We shall work with the weakest topology on

all su h fun tionals are

ontinuous.

Ck (X) for

whi h

4
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Figure 2: The Modied Warsaw Cir le V

Berlanga proved that the boundary operator

∂

is

ontinuous [3, Assertion

2.1℄. Consequently the homology groups

Hk (X) = Zk (X)/Bk (X)
an be endowed with the stru ture of lo ally
We shall

all it

Berlanga topology.

onvex topologi al ve tor spa e.

The question is whether Milnor-Thurston homology groups are Hausdor in Berlanga topology. There are two results in this dire tion. Firstly,
Berlanga's paper [3℄ ends with a proof that

H1

is always Hausdor for spa es

that are homotopy equivalent to CW- omplexes.
stru ted an example of a spa e
spa e

V

V

H0 (V )

where

is the Warsaw Cir le with a part of the a

(see Figure 2). We shall present this

Se ondly, Zastrow

on-

is not Hausdor [11℄. This
umulation line removed

onstru tion here.

We shall follow Zastrow's argument to prove that

H0 (V ) is non-Hausdor.

Theorem 3 The topologi al ve tor spa e H0 (V ) is non-Hausdor.
Proof.

The idea of the proof is to show that boundaries

forms a set that is not
measures

µn ∈ C0 (V )

there exist a sequen e
that

µ = lim µn

losed in

C0 (V ).

We will

B0 (V ) := ∂C1 (V )

onstru t a sequen e of

(whi h we identify with measures on

νn ∈ C1 (V )

with

∂νn = µn .

V ),

su h that

However, we will show

is not a boundary.

Just as in the previous se tions

{lk }∞
k=1

denotes the sequen e of minima

4
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of the sinusoid (see Se tion 3). Let us dene

µn = (1 − 2
where

δ

denotes Dira

The natural

−n

)δl0 −

n
X
k=1

measure.

andidate for the limit is

µ = δl0 −

∞
X

2−k δlk

k=1

Indeed, it is su ient to show that for every
we have

lim

n→∞
This is equivalent to

Z

V

lim

n→∞
whi h is true be ause tails of
Now we shall prove that

C1 (V ) su

arrier of

f :V →R

f d(µ − µn ) = 0.

∞
X

2−k f (lk ) = 0,

k=n+1
onvergent series

µ

onverge to zero.

is not a boundary. So suppose there is

ν ∈

ν

annot

D be a

ν

∂ν = µ.

ontinuous fun tion

onse utive maxima of the sinusoid. Being more spe i , let

h that

omit two

2−k δlk ,

(whi h is

Then, we want to show that the

ompa t), then we have

arrier of

ontinuous evaluation fun tion

F : D × ∆k → V
σ × q 7→ σ(q).
We want to show that
the sinusoid.

F (D × ∆1 )

To the

∂ν = µ

µ

and

ν

as elements of

still holds.

uk

ontain innitely many maxima of

uk+1 are maxima of the sinusoid
Then let Y = V \ {uk , uk+1 }. We an
C0 (Y ) and C1 (Y ) respe tively. Naturally,

ontrary, suppose that
su h that uk , uk+1 ∈
/ F (D × ∆1 ).
interpret

must
and

Z = Y ∪ S ∪ J , where S is an open re tangle
with opposite verti es uk+1 and l 0 and its fa es paralell to oordinate axes,
and J is a line segment between u0 and uk+1 . This allows us to identify µ and
ν with measures in C0 (Z) and C1 (Z) respe tively. Still the ondition ∂ν = µ
holds, hen e µ represents the zero homology lass in H0 (Z).
On the other hand we see that Z is triangulable (that was the reason
behind in luding J in the denition of Z ). By [10℄ we know that in this
Then, we

an embed

Y

into

ase Milnor-Thurston theory

oin ides with singular theory, so we

an see

5
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µ

represents the same homology

homology
of

Z.

lass in

Z

as

H0

10

2−k δl0 − 2−k δlk .

This

lass is not zero sin e points l 0 and l k lie in a dierent

Therefore, we got a

omponents
1
ontradi tion, and we see that F (D × ∆ ) ontains

innitely many maxima of the sinusoid.
Sin e

F

is

ontinuous, the set

F (D × ∆1 )

must be

ompa t, so it

ontain innitely many maxima of the sinusoid (be ause sequen e
innitely many maxima does not have any
we have a ontradi tion. So there
and

onsequently

H0 (V )

annot

ontaining

onvergent subsequen e). Again,

annot exist a measure

ν , su

h that

∂ν = µ,

is not Hausdor.



5 Non-Hausdorness of the zeroth homology
group for the Warsaw Cir le
The result of the previous se tion was obtained with geometri al methods.
These are strong enough to prove the fa t that

H0 (V )

is non-Hausdor, but

we annot obtain the analogous result for the Warsaw Cir le
that we used the non- ompa tness of

W

is a

ompa t spa e.

prove that

H0 (V )

V

W.

The reason is

in our argument and, unfortunatelly,

In this se tion we will use metods of Se tion 3 to

is non-Hausdor.

These methods

an also be applied to the Modied Warsaw Cir le

an assuring us that

H0 (V )

we have more homology

is also un ountably-dimensional.

lasses here, sin e, as we

an see from

V

Noti e that
ompa tness

ondition, the measures supported on distinguished 1-simpli es should have
nitely many nonzero
Thus, homology

oe ients (almost all numbers

mk

lass of every measure with support

many minima of the sinusoid is a non-singular homology

should be zero).

ontaining innitely
lass.

The following theorem is the main result of this Se tion

Theorem 4 The Milnor-Thurston homology group H0 (W ) is non-Hausdor
in Berlanga topology
Proof.

1
We already know that H0 (W ) is isomorphi to ℓ , so let a sen
quen e of elements x· ∈ H0 (W ) be des ribed in the following way

where

n·

 Pn
 − i=1 (−1)i (ni+1 − ni )
n
(−1)k (nk+1 − nk )
xk =

0

for

for k = 0
0 < k ≤ n,
for k > n.

is a de reasing sequen e of positive numbers

same as in the proof of Theorem 1).

onverging to zero (the
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onsiderations of Se tion 3 we see that ea h of

zero homology

xn·

represents the

lass. However, the limit has the form (the proof is analogous

as is in the previous se tion):

xk =



P
i
− ∞
i=1 (−1) (ni+1 − ni )
(−1)k (nk+1 − nk )

for
for

k=0
k > 0.

Assume that the homology lass des ribed by the above sequen e is a boundk
ary. Dene yk = (−1) (nk+1 − nk ). Then the dieren e

yk − xk =

 P∞

i=0 (−1)

0

On the level of homology
homology

i

x·

(ni+1 − ni )

represents zero, so

y·

for
for

k=0
k > 0.

should represent singular

lass. However it is exa tly the form of a sequen e

the proof of Theorem 1, and we know that it is not the
got a

ontradi tion. Consequently

Hausdor.

x·

onsidered in

ase.

is not a boundary and

Hen e, we

H0 (W )

is not



Remark.

A proof of the result of the previous se tion

a hieved with these methods.

an be also

Indeed, if we des ribe homology

lasses by

lass of measures µn of the pren
vious Se tion is des ribed by a sequen e z· , where nonzero elements are:
n
z2k+1
= −2−k for 0 < k ≤ n, z0 = 1 − 2−n . We see that these measures are
boundaries (see proof of Theorem 1 in Se tion 3 ). However, the limit meathe sequen es (see Se tion 3) the homology

sure

µ is not a boundary sin

e it is des ribed by the sequen e

many nonzero elements. Hen e, we proved that

H0 (V )

z· with innitely

is non-Hausdor.
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