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Abstract
The purpose of this paper is to gather necessary denitions and theory regarding Delay Dierential Equations with bounded delays that
could be useful in our future work on rigorous numerics and computer
assisted proofs in such problems. We also gather a handful of well
known examples of Delay Dierential Equations that lead to complicated and interesting dynamics. We will use those as test cases for
our future methods. We also present sketch of the rigorous integrating
procedure for the systems in the form of ẋ = f (x(t), x(t − τ )).

1

Motivation

Mathematical modeling is currently ubiquitous. Engineers, biologists, physicists and people working in other various elds of science use mathematical
tools to better understand natural life phenomena. The main tool usually
used are ordinary dierential equations (ODEs):
ẋ = F (t, x),

x ∈ Rn , F : Rn → Rn

(1)

In order to understand the basic principles governing real life processes
one needs to derive accurate yet simple models. A model should be described
by a small number of parameters that, in ideal case, could be easily determined in experiments. The principle of parsimony states that one should
prefer models containing as few variables and parameters as possible to describe the essential attributes of the system. In the context of dierential
equations the two properties: simplicity and the accuracy of the model are
usually mutually exclusive. To gain better results and richer dynamics reecting real experiments one need to include wide range of additional variables and parameters, but such models became hard to understand. One way
to deal with this diculty is to use simplifying methods ([7] and references
therein). Those methods however produce systems with articial variables,
that no longer are directly connected with the original problem, thus creating one more level of diculty in understanding of the underlying real-life
phenomenon.
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The other approach to enhance models is to change the underlying methodology. The one widely used concept is that of Delay Dierential Equations
(DDE), especially in the context of the mathematical biology and the control
theory. This concept is based on incorporating dependence in (1) not only on
current state x but on the set of previous states xt = {x(t + h) : h ∈ [−τ, 0]}
for some real τ > 0. Delay Dierential Equations may be used to model
real life phenomena like transport lags between two compartments in living
cells, population dynamics that include maturation times, aspect of control
theory where control signals must pass some distance between the controller
and the controlled device, and many other. One can nd large number of
examples in the literature ([6, 10] and references therein): from describing
several aspects of infectious disease dynamics [21], drug therapy [18], immune
response [11, 2], chemostat models [31], circadian rhythms [16], epidemiology [12], the respiratory system [1], tumor growth [13] and neural networks
[20, 9]. Statistical analysis of ecological data [26, 17] has shown that there
is evidence of delay eects in the population dynamics of many species.
The advantage of using DDEs is that of creating very simple models (even
with a single variable) that can produce rich dynamical behavior. This is due
to the fact that dynamic generated by DDE can be seen as innite dimensional. Thus, by introducing a few variables and parameters, one can obtain
dynamical system in a very big phase-space. Moreover we can tract solutions in the basic variables, which is advantageous in contrast to simplifying
methods for large systems of ODEs.
In this work we gather basic denitions and properties of DDEs that
will be useful in our future work that is aimed at computer assisted proofs
of dynamics in DDEs. We also present interesting examples gathered from
the literature and we describe the sketch of numerical method for solving
DDEs with high accuracy that may be extended for rigorous computations
as well. The paper is organized as follows: in section 2 we gather all necessary
notations regarding DDEs and present some well known facts about solutions
of DDEs together with review of currently available theoretical literature. In
section 3 we gather interesting examples that was shown to generate complex
dynamical behavior. The purpose of this section is to create list of useful
examples that may be used to test our methods. In section 4 we give outline
of the method for fast and rigorous computation of numerical solutions of
DDEs in the form ẋ = f (x(t), x(t − τ )). The result may be extended for the
case of multiple delays.

2

Preliminaries

In this work we are going to deal only with bounded delays. Let D ∈ R be a
compact set and let denote by C r (D, Rn ) the space of all C r functions over
D equipped with supremum norm. Let τ ∈ R such that τ > 0. By C we
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denote space C 0 ([−τ, 0], Rn ). For a given function x : [−τ, +∞] we denote
by xt a function in C such that xt (s) = x(t + s) for all s ∈ [−τ, 0].
The most general form of the DDE with bounded delays is [5, 15]:
ẋ = f (t, xt )

(2)

where xt is a function in C and f : Ω → Rn is a given function of the set
Ω ⊂ R × C into Rn . In this context ẋ stands for right-hand-side derivative
of x in the time t.
The initial value problem (IVP) is naturally given by:
(
ẋ = f (t, xt ),
x(t) = ϕ(t),

t ≥ 0,
t ∈ [−τ, 0],

(3)

where ϕ : [−τ, 0] → Rn represents initial data. Please notice that, in general,
function ϕ need not to be continuous. This is the case in many areas of
research like control theory or neural networks where initial conditions are
often step functions.
From now on we assume that f is a nice function i.e. it satises the
condition: for each interval I ⊂ R, I = [a, b], a ≤ b and each continuous
function u : [−τ +a, b] → Rn the function f (·, u· ) is integrable on the domain
I.
The following denitions are natural.

Denition 1 The function u : [−τ + a, b] → Rn is called a solution of (2)
on the interval I = [a, b] if u is continuous and
u(t) = u(a) +

ˆ

t

f (s, us )ds

a

(4)

holds for all t ∈ [a, b].

Denition 2 The function u : [−τ, +∞) → Rn is called a (forward) solution of (3) if u is a solution of (2) on each interval [0, a] ⊂ R and u0 = ϕ.

Denition 3 The function u : R → Rn is called a full solution of (3) if u
is a solution of (2) on each interval [a, b] ⊂ R a ≤ b and u0 = ϕ.

For a given ϕ we denote by xϕ the (forward) solution of (3) for a given
initial data ϕ.
Let assume now that ϕ ∈ C . Then we can dene natural semiow Φ in
C induced by (2) by
Φ : R+ × C 3 (t, ϕ) 7→ xϕ
t ∈ C.

(5)

Thus the problem of nding solutions to DDE reduces to investigating semiows in an innite dimensional phase-space. This justies our former claim
about innite dimensionality of the DDEs.
3

Notice that the general form of problem (3) allows for various
forms of
´0
the r.h.s f (t, xt ). The f may even consist of integrals e.g. −τ
xt (s)ds as
in Voltera integral formulas [4]. However in many practical and interesting
cases it suces to restrict investigation to the autonomous DDEs with several
discrete delays 0 < τi ≤ τ of the form:
ẋ = f (x(t), x(t − τ1 ), ..., x(t − τm )),

The simplest form will be

ẋ = f (x(t), x(t − τ )),

f : Rm+1 → Rn , x ∈ Rn .

f : R2 → R, x ∈ R.

(6)

(7)

This formulation of the problem is until now one of the most studied and
well known, that is there are many well-known and general theorems about
uniqueness, existence and stability of solutions of (6). The comprehensive
sources for the analytical results on DDEs consult [15, 23]. Below we present
some results without proofs, which may be found in aforementioned literature.
By the denition of solution we get simple observation that describes
smoothing properties of the solution:

Observation 1 Let f be C k function and let xϕ be the solution of (7) for
min(n,k+1) .
C 0 initial data ϕ. Then for each n ∈ N the function xϕ
n·τ is C
ϕ
Moreover, for each 0 < t < τ the function xt+n·τ is C min(n,k+1) .
The observation 1 comes from the method of steps for equation (7) that
yields:

x0 (t) = ϕ(t),

t ∈ [−τ, 0]
ˆ t

f xiτ (s), x(i−1)τ (s) ds,
xiτ (t) = x(i−1)τ (0) +
−τ

t ∈ [−τ, 0], i ∈ {1, 2, ...}

The solution x(t) is then dened as
x(t) = xiτ (t),

i ∈ N, t ∈ [(i − 1)τ, iτ ) .

Notice that xi is a solution to the following ODE with C k r.h.s.:
ẋiτ (t) = f xiτ (t), x(i−1)τ (t)



(8)

with x(i−1)τ - a known function. Thus the smoothness of xiτ in [(i − 1) · τ, i · τ )
depends on f which is C k and x(i−1)τ which is C min(k+1,i−1) . Then the class
for xi is C min(k,i−1)+1 . For the intermediate points pi = i·τ we have that x(t)
has continuous j -th derivative in pi for 0 ≤ j ≤ min(i, k + 1) (dierentiate
(j − 1) times both sides of (8)).
The above analysis of smoothing properties of DDEs can be extended
to more general cases e.g. varying time delays τi = τi (t) > 0 or statedependent delays τi = τi (t, x(t)) ≥ 0. This rich theory about dependence
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and propagation of discontinuities in solutions to DDEs is discussed in detail
in [15, 5, 3] and references therein.
As in the case of ODEs one can develop theory that links roots of characteristic equation of a DDE with the stability of its steady-state solutions.
For this however one need to develop notation of steady-state solutions, linearization, and the concept of characteristic equation. We will follow the
notations of [23].

Denition 4 The function u is called a steady-state solution of (3) if u is
a full solution of (3) and for each t ∈ R u(t) = u0 = const.
Consider (complex) DDE in phase-space C̄ = C([−τ, 0], Cn ):
ẋ = L(xt ), xt ∈ C̄,

(9)

where L is linear, bounded (|L(u)| ≤ K · kuk for u ∈ C̄ ). From the linearity
of L we get as in case of ODEs that the linear combination of solutions of
(9) is again a solution of (9). We also see that x(t) ≡ 0 is a steady-state
solution.
Now we seek for solutions in the form of x(t) = eλ tξ , ξ ∈ Cn . Denote by
expλ ∈ C̄ function such that expλ (s) = eλs . We see that xt = eλt · expλ · ξ .
From the equation (9) we get:
ẋ(t) = λeλt ξ = L(xt ) = eλt L(expλ · ξ)

since eλt 6= 0 we get:
λξ = L(expλ · ξ).

We see that x is nonzero solution to (9) if λ is a solution of characteristic
equation :
det(λI − L ◦ expλ ) = 0.

We will refer to the solutions λ of equation (10) as characteristic roots.
In the case of the constant discrete delays equation (6) with linear r.h.s.:
ẋ = a · x(t) +

m
X
i=1

bi x(t − τi )

(10)

we obtain characteristic equation in the form of quasi-polynomial:
det(λ − a −

m
X

bi e−λτi ) = 0.

(11)

i=1

We now present some useful lemmas, two of which are the analogues of
the ones for ODEs. The proofs may be found in [23]. By Re(c) we denote
the real part of the complex number c.
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Lemma 2 Given σ ∈ R there are at most nitely many characteristic roots
satisfying Re(λ) > σ. If there are innitely many distinct characteristic roots
λnn then Re(λn ) → −∞ as n → ∞.
Lemma 3 Suppose L maps real valued functions to real vectors. Then λ is
a characteristic root if and only if λ̄ is a characteristic root.
Lemma 4 Suppose that Re(λ) < µ for every characteristic root λ. Then
there exists K > 0 such that
|xϕ (t)| ≤ Keµt kuk,

t ≥ t, u ∈ C̄

for any solution x of (9) with initial data ϕ.
The investigation of the characteristic equations for DDEs is a broad area
of research, and many works regarding its solutions may be found [23, 15, 5].
For us the lemma 2 is of utmost importance as it tells us that the complicated
dynamics of the system (9) is a consequence of nite dimensional unstable
subspace of C̄ and thus we hope we will be able to do rigorous computer
assisted proofs (see for example the work of Krisztin and Vas: [25]).

3

Some examples

In this section we present some examples of interesting dynamics that arise
in DDEs. Those examples may be useful in testing our rigorous methods for
integration of DDEs.
3.1

Delayed Logistic Equation

Many of the well-known biological models have their counterpart in DDEs.
Let us consider particular example in the study of population dynamics.
The delay in equations arising in population dynamic usually comes from
the assumption that the birth rate depends not on the current size of the
population but on the size of adult individuals and thus delay in equation is
set to mean time of maturation. Using this assumption several researchers
were able to explain uctuations in the size of some population of animals,
for example see [8, 14, 27]. One can gain some feel for this by introducing a
delay into the logistic equation to obtain
ẋ = x(t) · (λ − x(t − τ )) ,

λ>0

(12)

The logistic equation (ODE) has two stationary points: unstable 0 and stable λ. The non-stationary, positive solutions are monotonic and approach λ
as t → ∞. But for the delay logistic equation the dynamic is more complicated. The solutions to (12) are monotonic for λ ∈ 0, 1e , oscillate about
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an equilibrium for λ ∈ 1e , π2 , and behave chaotically for λ > π2 [22]. Such
a complicated behaviour is possible despite fact that the equation (12) is
scalar. In comparison, to obtain oscillations in an autonomous homogeneous
ODE it requires a system of at least two rst-order equations and to nd
chaotic behaviour it requires a system of at least three rst-order equations.
3.2

Large amplitude periodic solutions

In work [25] authors analyzed the structure of the global attractor for delayed
monotone positive feedback scalar DDE in form of
ẋ(t) = −µx(t) + f (x(t − 1)) ,

(13)

with f being monotone with ve symmetric stationary points. They showed
for nonlinearities close to step function that the system can have largeamplitude slowly oscillatory periodic (LSOP) orbits - in the sense that they
are not between two consecutive stable equilibria. For some nonlinearities
they proved that there are exactly two large amplitude periodic orbits and
by describing the unstable sets of these periodic orbits they gave a complete
picture of the global attractor.
In their proof they used tools form dynamical systems theory mainly
reducing problem of nding LSOP orbits to the investigation of stationary
points of nite dimensional Poincare map. It may be useful exercise to repeat
this result for more general form of f with the use of the developed rigorous
numerical methods.
3.3

The simplest equations with chaotic motion

In [24] author analyzed the route to chaotic motion for the following equation
ẋ = sin (x(t − τ )) .

(14)

This is probably the simplest (in terms of of complexity of writing) DDE
that exhibit chaotic motion. It has many useful properties: it is scalar,
has only one discrete time lag and the rhs is smooth function that can be
realized on computer in terms of rigorous numerics. Moreover one can do
the substitution t = T · τ to obtain equation for unknown function y(T ) =
x(t) = x(τ · T ) in the form:
ẏ = τ · sin (y(t − 1)) .

(15)

The system has innite number of equilibrium points pm = mπ , m ∈ Z.
For m even it is stable and for m odd it is unstable.
The full route to chaos with the estimated parameter values at which
interesting phenomena occur is summarized in [24] in Table 1. The analysis
was done in the vicinity of the one of the stable equilibrium points. For
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the Hopf bifurcation occurs and stable limit cycle appears. Next
in pitchfork bifurcation at τ ≈ 3.894 the limit cycle loses stability and two
other coexisting stable cycles appears. After series of period doubling bifurcation nally chaos appears at τ ≈ 4.991. The analysis was based on strong
numerical evidence but no analytical or rigorous proof was given. It may
be worthwhile to study this system and try to establish computer assisted
proofs for phenomena that arise in it.
τ =

4

π
2

Rigorous integration of ẋ = f (x(t), x(t − τ ))

For simplicity of presentation we assume τ = 1. We are going to create
(rigorous) numerical procedure for computing enclosures for solutions to the
following scalar problem:
(
ẋ = f (x(t), x(t − 1)),
x0 = ϕ

t≥0

(16)

where we seek for solution x : [−1, ∞) → R. Let us assume that ϕ : [−1, 0] →
R and f : R2 → R are C n functions. Then the natural phase space for
the problem is C n and we know that x(t) is C n+1 on each interval Ia =
(a, a + 1) ⊂ R, a ∈ N. By the enclosure of the function x : [−1, 0) → R we
understand function x : [−1, 0) → 2R such that for all s ∈ [−1, 0) x(s) ∈
x(s).
We are going to create procedure that starting with the initial data for
a given time t1 will return the data vector in time t2 = t1 + h for given
(small) time step h. The following method was presented in [28] for equation
ẋ = f (x(t − 1)). Here we present an extension to the case of the problem
(16).
Let p be a positive natural number. We divide the interval [−1, 0) into
p intervals Ii = [− pi , − i−1
p ), i ∈ {1, 2, ..., p}. For simplicity we consider only
1
xed time step h = p .
For each point pi , 1 ≤ i ≤ p we are given the representation of the
enclosure of xt1 :
 aji - the j -th forward Taylor coecient at − pi , 0 ≤ j ≤ n,
 bi - the enclosure for the (n + 1)-st Taylor coecient
interval [− pi , − i−1
p ).

i
p

for the whole

Namely, we want to have enclosure for xt1 :
xt1 (s) =

n
X
j=0

aji si + bi · [0, h]n+1 ,
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1 ≤ i ≤ p, s ∈ Ii

(17)

For each s ∈ [−1, 0) xt1 (s) is a closed interval. For given function x we call
such enclosure the interval enclosure of x and we denote it by [x].
In the vector form the representation is as follows:













a0p
a1p
.
.
.
anp
bp











a0p−1
a1p−1
.
.
.
anp−1
bp−1
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a02
a12
.
.
.
an2
b2












a01
a11
.
.
.
an1
b1












(18)

We want to compute ak0 , k ∈ 0..n - taylor coecients in time t = 0 and
the enclosure b0 on [0, h). After that we can create representation for xt2
(t2 = t1 + h) by shifting representation of xt1 and including new terms:


We have:











a0p−1
a1p−1
.
.
.
anp−1
bp−1

a00












=

n
X
i=0

and for k > 0:
ak0 =
=
=

a0p−2
a1p−2
.
.
.
anp−2
bp−2





 
 
 
 
 ... 
 
 
 
 

a01
a11
.
.
.
an1
b1












a00
a10
.
.
.
an0
b0












ai1 · hi + b1 · hn+1

1
· x(k) (0) =
k!
1
1
·
· f (k−1) (x(t), x(t − 1)) =
k (k − 1)!
1
· F k−1 (a00 , ..an0 , a0p , .., anp ),
k

(19)

(20)

(21)

where F k−1 is a function that given Taylor coecients of x(t) and x(t − 1)
returns the (k − 1)-st Taylor coecient of f at (x(t), x(t − 1)). This may
seem helpless at rst sight because of the recurrent dependence: in order to
compute ak we need to know ak . But in order to compute the k-th coecient
ak0 we need to compute F k−1 which requires only Taylor coecients ai0 for
0 ≤ i ≤ k − 1 and they are already computed. We can rewrite then the
equation to explicitly reect this fact:
ak0 =

1
0
k−1
· F k−1 (a00 , ..ak−1
0 , ap , .., ap ).
k
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(22)

h

Now we need to compute enclosure for n+1-st Taylor coecient on 0, p1
(b0 ). From mean value theorem:
1
x(n+1) (ξ) =
(n + 1)!
=

1
1
x(n+1) (0) +
x(n+2) (ξ2 )ξ =
(n + 1)!
(n + 1)!
f (n) (x(0), x(−1))
1
(n + 1)
n!
+

for

1
p



f (n+1) (x(ξ2 ), x(−1 + ξ2 ))
ξ
(n + 1)!

(23)

≤ ξ ≤ ξ2 ≤ 0. We have:

f (n) (x(0), x(−1))
1
1
∈
F n a00 , .., an0 , a0p , .., anp
(n + 1)
n!
(n + 1)

and



f (n+1) (x(ξ2 ), x(−1 + ξ2 ))
1
ξ ∈ 0,
· F n+1 (d0 , .., dn , dn+1 , c0 , .., cn , cn+1 )
(n + 1)!
p

where d0 , ..., dn+1 and c0 , ..., cn+1 are enclosures for Taylor coecients on
interval [0, p1 ).
To compute c0 , ..., cn+1 look at the Taylor expansion of x(−1 + ξ), ξ ∈
1
[0, p ]:
x(−1 + ξ) = x(−1) +

n
X
i=1

ξi ·

x(n+1) (ξ2 )
x(i) (−1)
+ ξ n+1 ·
,
i!
(n + 1)!

(24)

where ξ2 is some intermediate point in [0, p1 ]. We can rewrite it to form an
inclusion by substituting

x(i) (−1)
i!

= aip , i = 1..n and

x(n+1) ([−1,−1+ p1 )
(n+1)!

n

X 1
1
1
x([−1, −1 + ]) ⊆ a0p +
[0, ]i · aip + [0, ]n+1 · bp ,
p
p
p

= bp :

(25)

i=1

now, we want to compute enclosure ck of
(k)

x

x(k) ([−1,−1+ p1 ])
.
k!

We have:

n
X
1
1
([−1, −1 + ]) ⊆
i · .. · (i − k + 1) · [0, ]i−k · aip +
p
p
i=k

1
+(n + 1) · .. · (n − k + 1) · [0, ]n+1−k · bp , (26)
p

or, in more compact way:
n
X
1
i!
1
x(k) ([−1, −1 + ]) ⊆
[0, ]i−k · aip +
p
(i − k)! p
i=k

+

(n + 1)!
1
· [0, ]n+1−k · bp ,
(n + 1 − k)!
p
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(27)

dividing both sides by k! we can dene ck as
ck =

n
X
i=k

+

or equivalently
ck =

1
i!
· [0, ]i−k · aip +
(i − k)! · k!
p

(n + 1)!
1
· [0, ]n+1−k · bp ,
(n + 1 − k)! · k!
p

n  
X
i
i=k



1 i−k i
n+1
1
· [0, ]
· ap +
· [0, ]n+1−k · bp .
p
p
k
k

(28)

(29)

Single coecient ck for given k may be computed using iterative equation:
ĉn+1
= bp
k

1
i+1
· ĉi+1 ,
ĉik = aip + [0, ] ·
p i+1−k k

i = k..n,

(30)

and nally we set ck = ĉkk .
We have computed all necessary coecients but dk , 0 ≤ k ≤ n+1. Again,
it seems we are in trouble because dn+1 is enclosure for (n + 1)-st coecient
that we are trying to nd (b0 ). One possible solution to this problem is nding rough enclosure for d0 , then using automatic dierentiation to compute
dk , 1 ≤ k ≤ n + 1. Rough enclosure is a set Y satisfying in our case:
1
a00 + [0, ] · f (Y, x(−1)) ⊆ int(Y ).
p

(31)

Finding the rough enclosure Y is a standard procedure in the algorithm for
rigorous integration of ODEs [29, 30, 19]. Let denote a00 + [0, p1 ] · f (Y, x(−1))
by Z . If the equation (31) is satised then we know that x([0, p1 ]) ⊆ Z and
we can use Z as d0 and compute dk for 1 ≤ k ≤ n + 1. Here again we refer
to well known theory presented in details in [29, 30, 19].
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