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ON FUNDAMENTAL HARMONIC ANALYSIS OPERATORS IN CERTAIN
DUNKL AND BESSEL SETTINGS

ALEJANDRO J. CASTRO AND TOMASZ Z. SZAREK

ABsTRACT. We consider several harmonic analysis operators in the multi-dimensional context
of the Dunkl Laplacian with the underlying group of reflections isomorphic to Z5 (also negative
values of the multiplicity function are admitted). Our investigations include maximal operators,
g-functions, Lusin area integrals, Riesz transforms and multipliers of Laplace and Laplace-
Stieltjes transform type. Using the general Calderén-Zygmund theory we prove that these
objects are bounded in weighted L? spaces, 1 < p < 0o, and from L' into weak L'.

1. INTRODUCTION

In [5] the authors considered various harmonic analysis operators in the Bessel context asso-
ciated with the (modified) Hankel transform. The present paper is a continuation and extension
of that research. We investigate several harmonic analysis operators such as heat and Poisson
semigroups maximal operators, Littlewood-Paley-Stein mixed g-functions, mixed Lusin area inte-
grals, higher order Riesz transforms, multipliers of Laplace and Laplace-Stieltjes transform type
(noteworthy these multipliers cover, as special cases, imaginary powers of the Dunkl Laplacian)
in a more general Dunkl setting with the underlying group of reflections isomorphic to Z5. In
fact, after restricting to reflection invariant functions this Dunkl situation reduces to the one
from [5]. However, some objects of our interest are defined in a slightly different way than in
[5]. This pertains to higher order mixed square functions and Riesz transforms; see the comment
following Proposition 2.8. Moreover, in comparison with [5], we investigate also mixed Lusin
area integrals. Consequently, our present research delivers also new results in the Bessel setting.

For basic facts concerning the Dunkl framework we refer the reader to the survey article by
Rosler [17]. Here, we invoke only the most relevant definitions, which will be needed for our
purposes and, in particular, are connected with the special case when the group of reflections is
isomorphic to Zj.

We will work in the space R™, n > 1, equipped with the doubling measure

n
dwy(z) = H|£Cj|2>\j dx, x=(x1,...,Tpn)-

J=1

The multi-index A = (A1,..., \,) represents the multiplicity function and will always be assumed
to belong to (—1/2,00)™. Notice that negative values of the multiplicity function are admitted.
We consider the group of reflections G generated by o, j =1,...,n,

o1, Xy ) = (X1, .00, =T, .., Tp).
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Clearly, the reflection o is in the hyperplane orthogonal to the jth coordinate vector. The
associated differential-difference operators

T f(e) = 0, 1) + AL peoin, =1,

J
form a commuting system. The Dunkl Laplacian is defined in a natural way as
n
A== (TN?f,  feC*RM).

j=1
This operator will play in our context a similar role to that of the Euclidean Laplacian in the
classical harmonic analysis. Obviously, the trivial choice of the multiplicity function (A = 0)
reduces our situation to the analysis related to the classical Laplacian.

The study of harmonic analysis operators in the Dunkl setting has been carried out by many
authors in recent years. In particular, in a general Dunkl context the unweighted LP mapping
properties for the heat and Poisson semigroups maximal operators were implicitly established by
Thangavelu and Xu in [22]. Recently the latter objects were studied also by Li and Liao [9] in the
one-dimensional situation. Riesz transforms in the Dunkl setting have also drawn considerable
attention. LP mapping properties of the first order Riesz transforms were investigated in the
one-dimensional situation by Thangavelu and Xu [23] and then by Amri, Gasmi and Sifi in [2].
Later on Amri and Sifi [3] developed a variant of Calder6n-Zygmund theory, which turned out
to be well suited to the general Dunkl framework and, in particular, allowed them to obtain
unweighted LP bounds for the first order Riesz transforms. All the above mentioned papers,
however, contain a constraint on the multiplicity function, namely nonnegativity is required.
Here, investigating the case when G' ~ ZZ7, we are not so restrictive and allow the multiplicity
function to be negative. Our considerations fit into a recent line of research connected with
analysis for “low” values of type parameters, which was developed in the Bessel [5], Jacobi [11]
and Laguerre [16] settings. Furthermore, in comparison with [2, 3, 22, 23] we obtain weighted
LP estimates with a large class of weights admitted.

This research is also motivated by results obtained recently in a discrete context of the Dunkl
harmonic oscillator associated with the Dunkl Laplacian Ay. This concerns especially results
contained in the papers [13, 14, 20, 21|, where weighted LP mapping properties were studied for
several operators such as Riesz transforms, imaginary powers of the Dunkl harmonic oscillator,
g-functions and Lusin area integrals, and multipliers of Laplace and Laplace-Stieltjes transform
type, respectively. It is worth pointing out that more recently in [1] some unweighted LP results
for Riesz transforms in a general Dunkl harmonic oscillator context were proved.

The main objective of our paper is to analyze LP mapping properties of various harmonic
analysis operators related to the Dunkl Laplacian setting. The main result of the paper, The-
orem 2.1 below, says that the heat semigroup maximal operator, Littlewood-Paley-Stein mixed
g-functions, mixed Lusin area integrals, higher order Riesz transforms and multipliers of Laplace
and Laplace-Stieltjes transform type are bounded on weighted LP, 1 < p < oo, spaces and are
of weighted weak type (1,1) for a large class of weights. To prove this we exploit the method
from [14], see also [20], which allows us to reduce the analysis to the smaller space (R, dwy)
(here and later on dwy is the restriction of dwy to R? = (0,00)") and appropriately defined
Bessel-type operators emerging in a natural way from the original ones. Next, see Theorem 2.3
below, we show that these auxiliary operators can be interpreted as (vector-valued) Calderon-
Zygmund operators associated with the space of homogeneous type (R}, dw;\r,| -]). The main
technical difficulty connected with this approach is to prove the relevant standard estimates for
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the kernels involved. The technique we use has its roots in previous papers, see [5, 16] and
references given there. As a consequence, by means of standard arguments, we obtain also sim-
ilar results for analogous operators based on the Poisson semigroup. This, however, is not so
straightforward in the case of Lusin area integrals, where more delicate analysis is needed; see
the proof of Proposition 2.8. The proof of this result gives also an intuition how to deduce a
similar result in the Dunkl harmonic oscillator context, see the comment following the statement
of |20, Theorem 2.7].

The paper is organized as follows. Section 2 contains the setup, definitions of all investigated
objects in the Dunkl setting and statements of the main results. We define Bessel-type operators
related to the space (R, dwy, |- |) and reduce proving the main theorem to showing that these
auxiliary operators are (vector-valued) Calder6n-Zygmund operators related to this smaller space.
This section ends with various comments pertaining to the main results. In Section 3 we prove
that the Bessel-type objects are LQ(dw;\r)—bounded. Finally, in Section 4 we obtain standard
estimates (see (2.6)-(2.8) below) for all kernels associated with the Bessel-type operators. This
is the most technical part of the paper.

Notation. Throughout the paper we use a fairly standard notation with essentially all symbols
referring to the spaces of homogeneous type (R™, dwy, |-|) and (R, dwy,|-|). Here and later on
dw;\r stands for the restriction of dwy to R’} . For the sake of clarity, we now explain all symbols
and relations that might lead to a confusion. We denote by Cg°(R’) the space of smooth and
compactly supported functions in R’}. By (f, g >dw+ we mean fR" f(x)g(x) dw) (z) whenever the

integral makes sense. By LP(R"., Udwy ) we understand the welghted LP(dwy) space, U being a
nonnegative weight on R”; we write simply Lp(de) when U = 1. Further, for 1 < p < 0o we
write A}),"+ for the Muckenhoupt class of A, weights connected with the space (R, dwy, | |).

Given z,y € R, € R" and M € N*, N={0,1,2,...}, we denote
1=(1,...,1) e N,
Al =M+ 4+ A,
|| = (2 + ... +22)/2, (Euclidean distance)
Bz, r)={y € Ri ly—z[<r}, >0, (ballsinR?)

zy = (T1Y1, - - -, TnYn),

xVy = (max{xi,y1},...,max{Tn, yn}),

x Ay = (min{z1,y1},...,min{z,, yn}),

ol =P af

z<y=uz; <yj, j=1...,n,
|z = (max{k € Z : k <uz1},....max{k € Z: k < z,}), (floor function)
M = (Mlv' . 771)7 Mj = M; — 2| M;/2] = X{M; is odd}»

(T = (T oo (1),

In an analogous way we define C2°(R"™), (f, g)dw, and LP(R™, Wdw,). Furthermore, if z,y € R"
and 3 € N" we understand the objects 2y, 2%, |x| and relation < y in the same way as
above whenever it makes sense. We shall also use the following terminology. Given n € Z7, we
say that a function f: R™ — C is n-symmetric if for each j = 1,...,n, f is either even or odd
with respect to the jth coordinate according to whether n; = 0 or n; = 1, respectively. If f is
(0,...,0)-symmetric, then we simply say that f is symmetric. Further, if there exists n € Z§
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such that f is n-symmetric, then we denote by f* its restriction to R’}. Finally, f, stands for
the n-symmetric component of f, namely

f= S h R =g Y ).

ne{0,1}" ec{-1,1}»
Conversely, if f: Rt — C, then by f”7 we mean the n-symmetric extension of f to the space R",
i.e.
ef(ex), if x € (R\{0})" and e € {—1,1}" is such that ex € R},
f(z) =
0, if o ¢ (R\ {0})".
While writing estimates, we will use the notation X <Y to indicate that X < CY with a posi-

tive constant C independent of significant quantities. We shall write X ~ Y when simultaneously
X<YandY < X.

2. PRELIMINARIES AND MAIN RESULTS

Let A € (—1/2,00)". For z € R" we consider the functions 12 and ¢}, which are given as the
tensor products

@) =[]vd (), @) =][]eti(), zeR
j=1 Jj=1

Aj Aj . A+l .

where the function (pi\j (x;) is even with respect to both z; and z; and it is given by

() = Ty-1/2(25%5) i (—1)™(xj2/2)>™
S (zj25)N 12 = 2%-12mIT(m + Aj + 1/2)
Here J, denotes the Bessel function of the first kind and order v, cf. [24]. It is known that for each

z € R™, the function v is an eigenfunction of the Dunkl Laplacian Ay with the corresponding
eigenvalue |22 = 27 + ... + 22. More precisely,

(2:2) Ayl = |22, zeR™

The Dunkl transform connected with the Dunkl setting associated with G ~ Z% is defined for
sufficiently regular functions, say f € C°(R"™), by

DAF(Z) = 5 /R B@ ) dwr(x), xR

It is known that the Dunkl transform is an isometry in L?(dwy) and its inverse Dy is given
by Dyf(2) = Daf(—z). For A\ € [0,00)" this follows from the general Dunkl theory, see [6,
Theorem 4.26], and for A € (—1/2,00)™ it can easily be deduced from the one-dimensional result
[12, Proposition 1.3]. Note that for A = 0 the Dunkl transform is just the classical Fourier
transform.

We consider the nonnegative self-adjoint extension of Ay, which will be still denoted by Ay,
defined by

Arf = Da(|z[*Dxf(2))
on the domain
Dom(Ay) = {f € L*(dwy) : |2|*Daf(2) € L*(dwy)}.
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The heat-Dunkl semigroup {W}};~o = {7 #**}150 generated by —A is given on L?(dwy) by
WS = Da(e7* Dy f(2).
It has the integral representation
W) = [ Gaaf ).  ceR t>0,

with the kernel

1
(2.3) Giay) =50 D (@) Mwy),  wyeR", t>0,
716{071}"
where
1 1 L Ty,
A _ L2 2 N=Aj+1/2 Y5
Wi w) = e (= gy (2P +10)) [T su) 20, 0(5E), vy € R 00

7j=1
Here I, denotes the modified Bessel function of the first kind and order v > —1, cf. |24, p.395]
or [5, (1.1)]. Moreover,

LG5S 2

2Y 2'm!T(m+v+1)

zeR, v>-—1.

m=0
Observe that W) (z,y) restricted to (z,y) € R% x R” is the heat-Bessel kernel considered for
instance in [4, 5].

Now we are ready to introduce the main objects of our study, which are defined initially in
L?(dwy) in the cases (1)-(4) and (6), or in C* (the space of smooth L?(dwy)-functions whose
Dunkl transform is also smooth and compactly supported in R™ \ {0}) in the case of Riesz
transforms (5).

(1) The heat-Dunkl semigroup maximal operator

Wif = ||W?fHL°°(dt)'

(2) Littlewood-Paley-Stein type mixed g-functions
g;\(,M(f) = ’latK(T)\)Mwi\fHLz(t2K+|M|—1dt)7
where M e N, K e N, [M|+ K > 0.
(3) Multipliers of Laplace transform type
My f = Dx(mDyf),
where m(2) = |2[2 [° e = ®(t) dt with & € L®(dt).
(4) Multipliers of Laplace-Stieltjes transform type
My f = DA(mDyf),
where m(z) = f(o 00) e~#” du(t), with v being a complex Borel measure on (0, c0).
(5) Riesz transforms of order M
R f = (TN D(2lMIDaf(2)),

where M € N™ and |M| > 0. Note that similar arguments to those used in the proof

of Proposition 2.4 (the case of R?/’[n’+), see Section 3 below, show that C* is dense in
L?(dwy).
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(6) Mixed Lusin area type integrals

2 dwy(2) dt> 1/2
)

where M € N, K € N, |[M|+ K > 0, A(x) is the parabolic cone with vertex at z,

Sk (@) = ( / P )

(2.4) Aw) = (@,0)+ 4, A={(0) e R x (0,00): 2] < Vi},

and VA (z) is the wy measure of the cube centered at z and of side lengths 2¢t. More
precisely,

VM@ = [[VV (), V() =w, (2 — toaj +1),  x€R", ¢>0.
j=1

Our main result reads as follows.

Theorem 2.1. Assume that A € (—1/2,00)" and W is a weight on R™ invariant under the
reflections o1, ...,0,. Let WY be the restriction of W to R’.. Then the multipliers of Laplace
and Laplace-Stieltjes transform type and the Riesz transforms extend to bounded linear operators
on LP(R", Wdw,), Wt € A{}’Jr, 1 < p < oo, and from L*(R™, Wdwy)) to weak L'(R™, Wduwy),
Wt e Ai\’+. Furthermore, the heat-Dunkl semigroup mazimal operator, the mized g-functions
and the mized Lusin area integrals are bounded on LP(R™ Wdw)), Wt € A;"Jr, 1<p<oo, and
from LY(R™, Wdwy) to weak L*(R™, Wdw,), W+ € Ai"+.

Notice that for symmetric functions the condition W+ & A$’+ is equivalent to saying that W
is in the Muckenhoupt class of A, weights associated with the initial space (R", dwy, |- |).

The proof of Theorem 2.1 can be reduced to showing analogous properties for certain, suitably
defined, auxiliary operators emerging from those introduced above and related to the smaller
space (R7, dwy,|-]). To proceed, for each n € {0,1}" we consider an auxiliary semigroup acting
initially on L?(dw)") and given by the formula

Wyt = (D/\ (eft‘ZPD/\fn(Z))) '

These semigroups have the integral representations, see (2.3),
A A n
Wt pa) = [ G @ fG)duil). e e R >0,
+

GY (a,y) = (wy)" W (@,y),  wy R, >0,

T on weighted LP spaces for

Further, these integral formulas provide us a good definition of Wt)‘
a large class of weights and produce always smooth functions of (z,t) € R’} x Ry, see Lemma 3.2
below for more details.

For n € {0,1}" and M € N" we denote 0y ar = 01, M, O ... © Opp,.M,, being for every

j=1...,n,

(5j5j) /2, if Mj is even, (5j5;?)M1'/2, if M; is even,
dj,0,M; = 0j1,M; =

6;(6%8;)Mi=1/2 | if M; is odd, 87 (6;60) M=/ if M is odd,

where §; = 0, and 67 = Oy, + % is, up to a sign, the formal adjoint of §; in the space L?(dwy).
These derivatives correspond to the action of (7*)™ on n-symmetric functions. To be more
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precise, if f is n-symmetric, then (TMM f = Op,m f. Moreover, we may also think that each d, s
acts on functions defined on the restricted space R'}.
Now we are ready to introduce the auxiliary Bessel-type operators, which are defined initially
in L%(dwy) in the cases (1)-(4) and (6), or in
o0 n + (o) n
CMH = {f € L*(dw)) : f7 € C®(R™), (DAf")" € CX(R})}
in the case of the Bessel-type Riesz transforms (5).
(1) The maximal operator
A+ g A+
WS = W e gy
(2) Littlewood-Paley-Stein type mixed g-functions

A, A,
gKZ\;_(f) = HatI{(;n,MWt 7]—i_f||LQ(,52K+IM|71dt)7
where M e N, K € N, M|+ K > 0.
(3) Multipliers of Laplace transform type
M;\;"’*f - ([)/\(mp)\fn))Jf7
where m(z) = |2[* [ e~ 2P (t) dt with ® € L>(dt).
(4) Multipliers of Laplace-Stieltjes transform type
M;\{nﬁf - (D,\(mDAf"))Jr,

where m(z) = f(o 00) e~t17” duy(t), with v being a complex Borel measure on (0, c0).
(5) Riesz transforms of order M
- - +
Ry f = dpan (DAl MDA £1(2))
where M € N™ and | M| > 0.
(6) Mixed Lusin area type integrals
dwy (z) dt> 1/2
A, )
V\/;r (2)
where M € N*, K € N, |[M|+ K > 0, and A(z) is the parabolic cone with vertex at x,

see (2.4). Here Vt)"Jr(a:) is the w measure of the cube centered at x and of side lengths
2t, restricted to R’f. More precisely,

S?é%(f)(l’) = </1;4( ) t2K+|M|*1 |8{<577,MW2\’7]7+f(Z) |2 X{ZER:L_}

n
V) =] VT2, zeRT, >0,
j=1

and for j =1,...,n,

A+
Vi (g) = wy (25—t + 1) NRy)

(2.5) = ((a + 9P = Xy oy (5 = D) /(20 +1).
Notice that the Bessel-type Lusin area integrals can be written as
>‘7 ’+ )‘7 7+ =
Sir (f)(x) = HatK(Sn,MWt " f @+ 2)VEN®, 2, 1) X{x-irZeRi}HLZ(A,t2K+IM|—1dzdt)’
where the function =) is given by

n .
_ (2 + 2j)?
Ex(z, 2,t) = H J&%

j=1 V\/g (5)

, reRY, zeR" z+zeR].
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Similar arguments to those given in [14, p.6] and [20, pp. 1522-1524] allow us to reduce the
proof of Theorem 2.1 by showing the following.

Theorem 2.2. Assume that A € (—1/2,00)" and n € {0,1}". Then the Bessel-type operators
(3)-(5) extend to bounded linear operators on LP(R, waj\'), U e A])g"+, 1 < p < oo, and from
LY R, Udwy) to weak LY(R"%, Udwy ), U € Ai"+. Furthermore, the sublinear operators (1), (2)
and (6) are bounded on LP(RY, wai), U e A?’+, 1 < p < oo, and from L*(R", waj) to weak
LR, Udw), U € ApT.

To prove Theorem 2.2 we will use the general (vector-valued) Calderén-Zygmund theory. In
fact we are going to show that the Bessel-type operators (1)-(6) are (vector-valued) Calderon-
Zygmund operators in the sense of the space of homogeneous type (]R’}r,dwj\r,\ -|). Then, in
particular, the mapping properties claimed in Theorem 2.2 will follow from the general theory
and arguments similar to those mentioned in [4, Section 2|. To proceed we shall need a slightly
more general definition of the standard kernel, or rather standard estimates, than the one used in
the papers [4, 5]. More precisely, we will allow slightly weaker smoothness estimates as indicated
below, see for instance [20].

Let B be a Banach space and let K(z,y) be a kernel defined on R} x R} \{(z,y) : + = y}
and taking values in B. We say that K(z,y) is a standard kernel in the sense of the space of
homogeneous type (R}, dwy,|-|) if it satisfies the growth estimate

1
(2.6) 1K (2, v)lle < wy (B(z,|z —y|))

and the smoothness estimates

‘1‘*33/’ ! 1 /
(2.7) HK(ac,y)—K(x’,y)HBs( L fe—yl> 2 -2,

w—9l) Wl (B e — )

‘y*y/’ K 1 /
(2.8) HK(ac,y)K(x,y')HBs( L Je—yl > 2y,

w—9l) w (Blle o)

for some fixed v > 0. Notice that the bounds (2.7) and (2.8) imply analogous estimates with any
0 < 7' < v instead of ~. Further, observe that in these formulas, the ball B(z, |y — z|) can be
replaced by B(y, |x — y|), in view of the doubling property of w;\" Furthermore, when K (z,y)
is scalar-valued (i.e. B = C) and v = 1, the difference bounds (2.7) and (2.8) are implied by the
more convenient gradient estimate
1

z = ylwy (B(z, |z - y))’
Similar reduction holds also in the vector-valued situations we consider; see the comments and
arguments presented in [11, Section 4]. Here, however, we will also use (2.7) and (2.8) with v < 1
and thus it is convenient to analyze the smoothness estimates rather than (2.9).

A linear operator T assigning to each f € Lz(dw;\“) a measurable B-valued function T'f on R’}
is a (vector-valued) Calderén-Zygmund operator in the sense of the space (R}, dw;\“7 |- if

(i) T is bounded from L?(dwy) to LZ(dwy),
(7i) there exists a standard B-valued kernel K (x,y) such that

Tf@) = [ K@nft)doi). aaogswpf,

(2.9) Ve K(z,9)] S |

for every f € LZ°(dwy), where L (dw) ) is the subspace of L*°(dwy) of bounded mea-
surable functions with compact supports.
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Here integration of B-valued functions is understood in Bochner’s sense, and L%(dw;\r) is the
Bochner-Lebesgue space of all B-valued dwi—square integrable functions on R’}.

It is well known that a large part of the classical theory of Calderén-Zygmund operators
remains valid, with appropriate adjustments, when the underlying space is of homogeneous type
and the associated kernels are vector-valued, see for instance [18] and [19].

The following result together with the arguments discussed above imply Theorem 2.2 and thus
also Theorem 2.1.

Theorem 2.3. Assume that A € (—1/2,00)"™ and n € {0,1}". Then the Bessel-type operators

Am,+ An,+ Am,+ An,+ Am,t+ Am,+
W*W y 9K K,M > an ’ an ’ RM ’ SK,M?

are (vector-valued) Calderén-Zygmund operators in the sense of the space of homogeneous type
(R?, dw), | - |) associated with the Banach spaces B, where B is Cp, L*(t*(*1MI=1qt) C, C,
C, LQ(A,tzK"'lMl_ldzdt), respectively. Here Cy denotes the closed separable subspace of L (dt)
consisting of all continuous functions on Ry which have finite limits as t — 07 and vanish as
t — oo.

Proving Theorem 2.3 splits naturally into showing the following three results.

Proposition 2.4. Let A € (—=1/2,00)" and n € {0,1}". Then the Bessel-type operators from
Theorem 2.3 are bounded on L*(dwy).

Formal computations and the results from papers [4, 5] suggest that the Bessel-type operators
are associated with the following kernels related to appropriate Banach spaces B.

(1) The kernel associated with Bessel-type maximal operator Wa'""

WA (2, y) = (G (2,9) } oy B =Co C L(dt).

Using formula (4.1) below it can easily be justified that WA+ (. y) € Cp for x # y.

(2) The kernels associated with Bessel-type mixed g-functions g)‘ Mt

gAn+( {8tK5n,MxG/\n+ (z,y }t>0’ B = LZ(tQKHM‘ildt)a

where M € N and K € N are such that |[M|+ K > 0.
(3) The kernels associated with Laplace transform type multipliers Mgy, R

K™ (2,y) = _/ 812G " (z,y)dt,  B=C,
0

where ® € L™ (dt).

(4) The kernels associated with Laplace-Stieltjes transform type multipliers My ot

K" (a,y) = / G (z,y)dv(t), B=C,
(0,00)

where v is a complex Borel measure on (0, c0).

(5) The kernels associated with Bessel-type Riesz transforms R} At

1 o0
RM T,Y) = / On M GMt z,y ¢ M1/2-1 dt, B=C,
M ( ) F(‘M‘/Q) o n, VL™t ( )

where M € N" is such that [M]| > 0.
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(6) The kernels associated with Bessel-type mixed Lusin area integrals S}\(@\j

St @) = { o bann@l G| VBTN )
X=I+2z 2t)e

with B = L2(A, t*)+MI=142qt), where M € N” and K € N are such that M|+ K > 0.

The following result shows that this is true in the Calderén-Zygmund theory sense.

Proposition 2.5. Assume that A € (—1/2,00)" and n € {0,1}". Then the Bessel-type operators
(1)-(6) are associated, in the Calderdn-Zygmund theory sense, with the corresponding kernels just
listed.

Proof. In the cases of W+, g}\("Jr MNM and R}\\/’["’Jr we can proceed as in [4, Section 4].
The crucial facts needed in the reasoning are Lemma 3.2 and Propositions 2.4 and 2.6, which
provide L?(dwy )-boundedness of the investigated operators and the growth estimates for the
corresponding kernels (in some places we need slightly stronger estimates than growth condition,
which nevertheless are established in Section 4). The case of S})‘(@\j can be dealt with in a similar
way. To be precise, we can proceed in much the same way as in [20, Proposition 2.5, pp. 1528-
1529], where Lusin area integrals, in the context of discrete Dunkl setting, were investigated. We
leave details to the reader. O

Proposition 2.6. Let A € (—1/2,00)" and n € {0,1}". Then the kernels (1)-(6) listed above
satisfy the standard estimates with the relevant Banach spaces B. More precisely, the kernels
(1)-(5) satisfy the smoothness conditions with v = 1 and the kernel (6) satisfies (2.7) and (2.8)
with any v € (0,1/2] such that v < miny<p<, (Mg + 1/2).

The proof of Proposition 2.4 is given in Section 3 and the proof of Proposition 2.6, which is
the most technical part of the paper, is located in Section 4.

We conclude this section with various comments and remarks connected with our main results.
We first note that our results imply analogous results for similar objects based on Poisson-Dunkl
semigroup. More precisely, let {P?}4~0 be the Poisson-Dunkl semigroup generated by —v/Ay,

PAf = Da(e”FIDAf(2)).  f € LP(dwy),

and for each n € {0,1}" consider an auxiliary Poisson-Bessel-type semigroup

. +
PP f = (Da(e™IDpf1(2)) T f € DA (dud),
Obviously, by the subordination principle,

e "d e "d
210) B = [ Whanf@ S B = [ W, e

We focus on the maximal operators, Littlewood-Paley-Stein type mixed g-functions and multipli-
ers of Laplace and Laplace-Stieltjes transform type based on these semigroups. In the definitions
(1), (2) we exchange W)} and W} with P} and P)""", respectively. Further, in (2) we choose
L2(2KH2AMI=1 gty instead of L?(t6+MI=14t) and replace multipliers in (3) and (4) by

2 / 1B dt and / et du(p),
0 (0,00)

respectively, leaving the assumptions on ®(t) and v unchanged. Then, with the aid of (2.10),
analogous results to Theorems 2.1 and 2.3 are valid for these new operators. The proof is based
on a similar procedure to that described in [4] or [16, Section 3|; we leave details to the reader.
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The treatment of Lusin area integrals based on the Poisson semigroup is more subtle and
demands more effort and explanation. Consider the following square functions based on the
Poisson-Dunkl semigroup and the auxiliary Poisson-Bessel-type counterparts:

A _ 2K+2|M|—1] 9K (A M A 2de(Z)dt)1/2 n
St =( [ KR AR ) L w e

_ 2 dwy (2) dt\ /? "
"w)(:c):( [ o, 221 ) X{ZEM}L) . zeRY,
I'(x) Vi (@)

where M € N", K € N, |[M|+ K > 0, and I'(x) is the cone with vertex at x,
I(z) = (2,0)+T, T = {(z,t) ER™ x (0,00) : || < t}.
Our main result concerning these operators reads as follows.

Theorem 2.7. Assume that A\ € (—1/2,00)" and W is a weight on R™ invariant under the
reflections o1,...,0,. Then the Lusin area integrals SI)-E’,K,M are bounded on LP(R™ Wduw,),
Wt e A;J\’Jr, 1 < p < oo, and from L'(R™, Wdwy) to weak L'(R" Wdwy), Wt € Ai"+.
Moreover, the Poisson-Bessel-type Lusin area integrals S;?(JSV[, n € {0,1}", are (vector-valued)

Calderon-Zygmund operators in the sense of the space of homogeneous type (R, dwy,|-|) asso-
ciated with the Banach spaces B = L2(I', t*K+2IMI=1qz1).

A careful repetition of the arguments justifing Theorems 2.1 and 2.3 allows us to reduce
proving Theorem 2.7 to showing the standard estimates for the kernels associated with S’I); "KJ?V[,

n € {0,1}", which are defined as

Y (,y) = {afan,M,xP?’"*(x,y)

V E)\(.’L',Z,t2) X{:E+Z€]R1}} )

X=r+z (z,t)el
where
A A e “du
(2.11) (@, y) / Gy )y (@ y) N

Since it seems not to be straightforward to obtain these estimates from Proposition 2.6 via (2.11),
see the comment in |20, p. 1526], we give the proof of the following result at the end of Section 4.

Proposition 2.8. Let A € (—1/2,00)" and n € {0,1}". Then the kernels 81);’717;5\/[ satisfy the

standard estimates with the corresponding Banach spaces B = LQ(F,t2K+2‘M|_1dzdt). More
precisely, they satisfy (2.7) and (2.8) with any v € (0,1/2] such that v < minj<p<n(Ax +1/2).

We now focus on the relation between Bessel-type objects and the operators associated with
the Bessel setting from the papers [4, 5]. Note that choosing 179 = (0, ..., 0), in view of symmetry
reasons, we have W)‘ 0t — WA where W is the heat-Bessel semigroup considered in the above
mentioned papers. Consequently, many results of [5] can be seen as special cases of Theorem 2.3
(specified to n = ny). However, some definitions in our present situation, in particular when
dealing with n = 7o, are a little bit different from the ones used in [4, 5]. This concerns especially
mixed g-functions and higher order Riesz transforms. These new definitions, however, seem to
be more natural and appropriate; see comments in [15], where a symmetrization procedure for
general orthogonal expansions was proposed and [8], where this procedure led to the symmetrized
Jacobi setting that is connected with the initial context of Jacobi expansions in a similar way as
our setting with the Bessel one.
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Further, note that Lusin area integrals, which have more complex structure than the mixed g-
functions, were considered neither in [4] nor in [5]. Consequently, our present results provide some
new results in the Bessel setting. This concerns not only alternatively defined mixed g-functions
and higher order Riesz transforms, but also mixed Lusin area integrals.

Next, we give a comment concerning multipliers of Laplace-Stieltjes transform type. Using
standard arguments, see the comment at the end of [5, Section 2], it can be shown that these
multipliers and their Bessel-type counterparts are bounded on LP(dw)) and LP(dw) ), 1 < p < oo,
respectively. Here, however, Theorems 2.1 and 2.2 deliver also weighted LP mapping properties.

Remark 2.9. The exact aperture of the parabolic cone A is not essential for our developments.
Indeed, if we fix 3 > 0 and write Ag = {(z,t) € R" x (0,00) : |z] < ﬁ\ﬁ} instead of A in
the definitions of mixed Lusin area integrals, then the results of this paper, and in particular
Theorems 2.1-2.3, remain valid. Similar remark concerns the aperture of the cone I' and the
results contained in Theorem 2.7.

3. L*(dw) )-BOUNDEDNESS

We first collect some auxiliary results which will be needed to establish Proposition 2.4. In
what follows, we will frequently use the fact that the Dunkl transform Dy and its inverse Dy
preserve n-symmetric functions, namely

D) (L*(dwy)y) = L*(dwy)y, Da (L*(dwy)y) = L*(dwy),,  n € {0,1}",
where L2(dwy), = {f, : f € L*(dw))}.
Lemma 3.1. Let A € (—1/2,00)", n € {0,1}" and M € N™. Then,
On, Mz [(xz)”ap;\+”(x)} = Or ™M (22) 02T (), x,2 € R™,
where Cipyy = (—1)25'L:1(17777')ﬁj+LMj/2J and € = €(n, M) = n(1 — M) + (1 — n)M. Moreover,
€ € Zy and e = M ®zp 1.

Proof. By the tensor product structure of ¢} and dp, Mz it is sufficient to analyze the one-
dimensional situation (n = 1). Further, since (22)7¢2""(z) is 7-symmetric with respect to z,
having in mind (2.1) and (2.2), it is easy to deduce that

e (22)"0X ()| = ~Bra | (@2)"02 V(@) = (@262 (@), wzER, p=0,1.

Iterating this identity we see that our task can be reduced to the cases M = 0,1. This, however,
is a straightforward consequence of the identities

Qa2 (@) = —2(22)p2 (), @) = @A+ D2 (@) - (22)°02 2 (2), 2,2 €R,
which can easily be verified by means of [10, (5.3.5)] and [10, (5.3.6)], respectively. O

From the asymptotic behavior of the Bessel function J,, v > —1,
1
Vz

we can estimate the one-dimensional functions ) as follows, see [5, Section 2],

J(2)~z2", z—07, Ju(z) :(9(

), z — OQ,

1, |zz| <1

R.
lzz| A, Jwz| > 1 7 Tz E

(.1 ol {
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Lemma 3.2. Let A € (—1/2,00)", n € {0,1}" and f € LP(R}, Udwy ), U € Ayt 1< p < o0
Then, W?’"’Jrf(a:) is a O function of (x,t) € R x Ry. Moreover, if K € N and M € N" we
have

6f(5n’MW?’n’+f(x) = /R" 8f5n7M7xG?’n’+(x, 2) f(z)dwy (z), xeRY, t>0.
¥
Further, if f € LQ(dwj\'), then for every x € R’} and t > 0 we have
O 5, W fa) = [ 08 (1222 @] Dap )t o)
¥
Furthermore, if f € C2(R%), then (Dxf™*, (DyfM* € C°(R%) and we have
St (DAY @) = [ 8yane (G220 a)] o) du )
'

Proof. To prove the first two statements we can proceed as in the proof of [4, Lemma 3.5], see
also the comments in [5, Section 2|. The crucial facts needed in the reasoning are the bounds

855777M7$G?’n’+(x z ‘ ‘81( ~tlzf? O, M,z [(xz) ol ” < gl , z€RY, ze€E, teF,

where E and F' are fixed compact subsets of R} and R, respectively, and ¢ > 0 is some constant
depending on F and F. The above estimate can be verified by means of Lemma 4.1 below and
Lemma 3.1 together with the bound (3.1), respectively.

Finally, the last statement is a consequence of Lemma 3.1, the estimate (3.1) and the domi-
nated convergence theorem. O

Now we are ready to give the proof of L2(dw;\r)—boundedness of all the investigated Bessel-
type operators. This, however, is trivial in the case of multipliers of Laplace and Laplace-Stieltjes
transform type, because in both cases m € L (R"™). Moreover, the LQ(dw;\r)—boundedness of the
auxiliary Lusin area integrals is an immediate consequence of the L2(dw;\r)—b0undedness of the
Bessel-type g-functions. Indeed, from the general theory of spaces of homogeneous type we know
that

||S>"77+(f)||L2(dw+) ||9 Jl#( )HLQ(dw;\r)a

which in our context can also be justified with the aid of Lemma 4.6 below. Thus, it suffices to
consider the remaining operators.

Proof of Proposition 2.4; the case of W, We observe that
W (@) = W (L) @) oo (D)), a ey,
Y Y
where 19 = (0,...,0) and W} is the heat-Bessel semigroup maximal operator, see the comments
following the statement of Proposition 2.8. Since W} is bounded on LQ(dw/\ ), see [4, Section
4.1] and [5, Section 2|, we easily deduce that

2 0] gy = 72 (5]

<5

L2(dwy,,) = ym 2w, ) = 7122 @u)-
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Proof of Proposition 2.4; the case of g)‘"Jr Let f € Lz(dwj). By Lemmas 3.2 and 3.1 we can
write, for every x € R} and ¢ > 0,

018,00 F(@)| =] [ e N (a2) 2 () D) du 0

=2 "

[ PR M @) Dy ) duo ()

:‘DA [|2|2Ke*t|z|22MDAfn(Z)} (@),

where the second equality holds by symmetry reasons. Since the function in square brackets
above is e-symmetric and D) is an isometry in L?(dw)), we obtain

L?dw+) / /n
5/ ‘Z‘4K+2M||D>\fn(2)|/ e~ 2 2IHMI=1 gy gy ()
R

DA gy = 11 ) = 1712

Hg“”(f)‘ D, |Z‘2K UM, (s }(x)‘QtQKHMl*ldtdw)\(m)

which finishes the reasoning. 0

Proof of Proposition 2.4; the case of R;/’[n’Jr. Take f € CMF. Observe that (|z| =MDy f7(2))* €
Cg°(R?) and thus an application of Lemma 3.2 together with Lemma 3.1 gives

Ry @] = | [P @) @)Dy ) o)

2—n

MM Y2 (@) Da £ () du (=)

’DA [|z|*lM|zMDAf"(z)} (33)‘.

Since the last expression, as a function on R", is symmetric, using the L2(dw)\)—isometry of Dy
we get

HR?Z”’+<f)‘|L2(de+) ~ H|Z|_|M|ZMD)\fn(Z)’

oty < 1P izt 2 1 gt

Thus Rﬁf’+ is bounded from C*"7 into L?(dwy). Next, we ensure that C*™T is a dense
subspace of L?(dwy). It is not hard to verify that

Cht = Dy((C(RY))")

where (C(R%))” = {f7: f € C(R%)}. Since C°(R%) is dense in L2(dwy), it follows that
(C2°(R%))" is dense in L?(dwy ), and the conclusion follows. O

4. KERNEL ESTIMATES

In this section we gather various technical facts, which finally allow us to obtain standard
estimates for all the kernels under consideration. Our method is based on the technique used in
the Bessel context in the paper [4] for the restricted range of A € [0,00)™ and in [5] for the full
range of A € (—=1/2,00)"



FUNDAMENTAL OPERATORS IN DUNKL AND BESSEL SETTINGS 15

Given n € {0,1}", the Bessel-type heat kernel can be expressed as, see [5, (3.3)],
(4.1)

G ) = Y Cuanet I e oy (LB dg ),
ec{0,1}"
where Oy . = (2\ 4 1)17227%/2=A=2lel "and the function ¢(x,y, s) is defined as

n
q(z,y,5) = o>+ [y? + 2 wjys;,  wy R}, se[-1,1]"
=1

The measures Q,, v € (0,00)", appearing in (4.1) are products of one-dimensional measures,
Q, = ®?:1 Q,;, where Q. is defined on the interval [—1, 1] by the density

(1—s2)%i~tds;
dQd, (s;) = J .
J(S]) ﬁ2yj_1/2r(yj)

To shorten notation, we will write g instead of ¢(x,y, s) when no confusion can arise.
To estimate kernels defined via Gg\’”*(

x,y) we will frequently use the following.
Lemma 4.1. Let A € (—1/2,00)", n € {0,1}", ¢,7, M € N" and K € N. Then
K ot Am,+
{at 020y 0, M,:G} " (:E,y)|
< Z xQE—a€+n—Cny2€—ﬁ8+7i—pnt—(N/2+|/\\+|77|+2|5D—K—(\M\+|€|+\7“\)/2+(|a6|+\C77|+|[36|+\m7|)/2

~J
£,(,p€{0,1}"
a,B€{0,1,2}"

q
X /GXP <—§> Aty +1+42(5),

uniformly i x,y € R and t > 0.

Proof. We first deal with the one-dimensional situation (n = 1). Since the heat-Dunkl semigroup
{W}4>0 satisfies the heat equation ;W;} = —A\W}, it can easily be verified that its kernel
G7(x,y) also satisfies this equation with respect to 2 variable, i.e.

0GP (,y) = —AaGP(z,y) = (1)*G} (2, y).

Observe that for each 1 = 0, 1 the functions 8;,G;""" (z,y) and 5n727IG;\’"’+(x, y) are n-symmetric

with respect to x. Thus, in view of the above identity, they are both n-symmetric component of

2"0,G} (x,y) and hence they are equal. Iterating this identity we obtain

2 M
x

5n’M1xGi""’+(m,y) = a}M/QJ (8j¥+ > G;\’"’Jr(ac,y), z,y,t >0, MeN, n=0,1.

Combining this with the representation formula (4.1) gives

7 22nM
ot Loyt .62 (o) | = ol ooy (o2 + 2 ) 0 (o)

< ezzm/ { ’atKHM/zJ 8§+M6; [t—(1/2+)\+n+25) (2y)2 " exp (_%)} ‘

+ X(y—Ti—t) ‘@KHM/zJ 85;8; {t*(l/”’\“”‘s)xgay%“ exp (_4%” ‘ }dQA+n+1+s(3)‘

Proceeding in a similar way as in the proof of [5, Lemma 3.2|, we obtain

otat oo (1))
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S Z $2€7a€+7717<.771 y25765+7727p772tsfwf(L+R)/2+(a6+Cm+ﬁ€+p772)/2 exp <_i> ;

8t
¢,p=0,1
«,3=0,1,2

uniformly in z,y,t > 0; here W,L,R € N, S € R and ¢,7m,72 = 0,1 are fixed. Using this
estimate we see that

‘atKHM/zJ 8£+Maqy» [t—(1/2+)\+77+2a)(xy)25+n exp (_1)} ‘

41
< Z g ostn =iy 2e=fetn—pny—(1/2+A4n+2e) = K—(M+l+r) /2+(as+CntBetpn) /2 oy (_%) ’
¢,p=0,1
a,3=0,1,2

and

X1} ‘8tK+LM/2J 858; |:t—(1/2+)\+1+25)x28y25+1 exp (7%)} ’

< Xo=1 Z 2508 25— 0o 1mpy— (/24X 414 26) =K — (M) /24 (s 14 Be40) /2 oy <_%) .
p=0,1
@,=0,1,2
Since the bound of the first expression is dominating, we arrive at the desired conclusion.
Now suppose that n is arbitrary. In view of the product structure of Gi""’”L (x,y), an application

of Leibniz’ rule gives

n

K ot WIS _ aK Li AT Ajmgst+

OF 0La}6y.01,0G " (2, y) =0 Haz;,aygam,MWth T (24, 5)
j=1

- Y 4

n
kefo,.. K} j=1
k|=K

ki ofi or; g+
[at amjayjajJ?ijj’ijt (xjvyj) )

which leads directly to the asserted bound. ([

The next result constitutes an essence of our method. It provides a link from the estimates
emerging from the integral representation of G;\’n’+(:c, y), see (4.1) and Lemma 4.1, to the stan-
dard estimates related to the space of homogeneous type (R’}r,dwj\',] -]). It may be proved in
much the same way as [5, Lemma 3.3|. The crucial role in the proof plays [16, Lemma 2.1|, see
also [5, Lemma 3.1].

Lemma 4.2. Assume that A € (—1/2,00)", 1 < p < oo, W €R, C >0, g,n,(,p € {0,1}"
and o, 5 € {0,1,2}". Further, let 7 € N be such that T < 2e — ac +n —(n. Gien u > 0, we
consider the function Yy : R} X R} x Ry — R defined by

Yo (@, y, ) =200 g 25— Btn—pn 1—(n/2HN| | +21e])+ (el + o+ Bl Hpml +irl) /2 W/p—u/2

C
X /eXP ( - Tq) dnt14e(8),

where W/p =0 for p = oo. Then Y, satisfies the integral estimate

1 1
T <
1ol v Olirer-rar 3 o= wrmE =y

uniformly i xz,y € RY, © # y.
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It should be noted that for every A € (—1/2,00)" the w{ measure of the ball B(z, R) or the
cube centered at z and of side lengths 2R can be described as

(4.2) wi(B(x,R) =Vt (@) ~ B"[[(z; + R*, z€RL, R>0.
j=1

The two lemmas below will be useful in justifying the smoothness estimates (2.7) and (2.8)
when the corresponding kernel is not scalar valued (B # C).

Lemma 4.3 (|20, Lemma 4.3|). Let z,y,z € R and s € [-1,1]". Then
1
ZQ(xa Y, S) < Q(za Y, S) < 4Q(xa Y, $)>
provided that |z — y| > 2|x — z|. Similarly, if |x — y| > 2|y — z| then
1
79@.y.8) < qlz,2,5) < 4q(2,y, 5)-

Lemma 4.4 (|20, Lemma 4.5]). Let A € (—1/2,00)" and v € R be fized. We have

< 1 >"’ 1 N ( 1 >7 1
l2=yl) w{(B(zlz~yl)  \lz—yl) w(Blz,|z-yl)
on the set {(x,y,2) € R xR} x R% : |z —y| > 2|z — 2|}

To be precise, in |20, Lemma 4.5| only the restricted range of A € [0,00)" was allowed.
However, the same arguments as those in [20] show the result in the general case.

The next lemmas will be useful when proving kernel estimates for the kernels associated with
Lusin area integrals.

Lemma 4.5 (|20, Lemma 4.7]). Let z,y € R, z € R", s € [-1,1]". Then

1
q(l’ +Zay75) > 5‘1(9573}75) - |Z’2'

Lemma 4.6. Let A € (—1/2,00)". Then
EA(va;t)X R™ dz ~ 17
/Iz|<\/i forzeRi}
uniformly i x € R’ and t > 0.

Proof. Since

_ 1 o wy (B(x, V1))
Zalz, z,t)x n dz:/ T+ 2)""x nydz = —24—— %
/|z|<\/i ( Ma+zeRy) V\/>é+($) |z|<\/i< S Karrery) V\j;(x)
the conclusion is a straightforward consequence of (4.2). (]

The result below can be seen as an extension of [20, Lemma 4.8], which in our notation is
valid only for A € [0,00)™. The crucial role in the proof plays the estimate

where £ > 1 is fixed. This was also used in [20, p. 1540] but only with £ = 2. Here the technical
side demands more effort and seems to be unavoidable in the general case A € (—1/2,00)".
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Lemma 4.7. Given A € (—1/2,00)", there exists v = y(\) € (0,1/2] such that

2\
/ X{z+z, &' +2€RT | VEME, 2, 1) — VEA, 2, 1) } dz < <M> 7
2| <VE t

uniformly in x,2’ € RY and t > 0. Moreover, one can take any v € (0,1/2] satisfying v <
minlgksn(Ak + 1/2)

Proof. Let v € (0,1/2] satisfying v < minj<g<, (A + 1/2) be fixed. Using (4.3) with £ = 2, we
see that in order to finish the proof, it suffices to verify that

2N\
(4.4) / X{a+2,2/+2€RT }|H>\ x,2,t) — A(m’,z,t)| dz < (]m all ) .
B t

Further, we may reduce our task to showing the one-dimensional version of (4.4). Indeed, taking
into account the product structure of Z)(z, z,t) and the identity

n n n k—1 n
Haj—Hbj:Z Hbj (ak_bk) H a; |, aj,bjER,jzl,...,n
7j=1 j=1 k=1 \j=1 j=k+1

(here we use the standard notation concerning empty products) we get

|Ex(z, 2, 1) — Ex(a, 2, )|

n

n —
< Z H E)\j(x;-,zj,t) H E)\j<$]’,2j,t> |E)\k(xk,zk,t) — E)\k(:pgc,zk,tﬂ.

j=k+1

This together with the one-dimensional versions of Lemma 4.6 and (4.4) gives

/ X{ztz, o/ tzcr}|EA (2, 2,1) — Ex(2', 2,1)| d2
EISY

n
<> H/ X{a! 4255042, (25, 25, 1) dzj H / X420y =N, (T, 25, t) dz;
k:]. Z z.

]|<\[ j=k+1 3‘<\[

X / X{mk+zk,w§€+zk>0}‘5)\k (ks 25, 1) — By (@ 28, 1) | 2
|21 <Vt

S 5 ()
k=1 t

Next, we show (4.4) for n = 1. We can assume that |z — 2’| < V/%, since otherwise (4.4) is a
2\
straightforward consequence of Lemma 4.6 and the inequality 1 < (%) . Further, observe
that

X{z+z, x’+z>0}|~/\ T,z t) - (w z t)’
A+ )\ ,+
|($ + 2)2)\ _ (x/ + 2)2)\} _ ‘V (x \/Z (x/)
< X{z+z, 2’ +2>0} Nt + X{z+z, x’+z>0}‘:)\(x7 2, t) N+
Vi (x) Vi (x')

= N(z, 2, 2,t) + I(x, 2/, 2, t).
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We will treat I; and I separately. We first deal with I;. Using (4.3) specified to £ = 1/(2v) and
then the Mean Value Theorem we arrive at the estimates
2y
A
V\/;r(x/)fl(x’ xlv 2, t) 5 X{z+z,x'+2>0} ‘(l‘ + Z))\/A/ - (SC‘/ + Z))\/’Y
5 X{z+z, at'+z>0}|3j - x/|2'y(0 + 2)2()\77)’
where 6 is a convex combination of z and 2/, which may depend on z and t. We denote

favd, A>~ny
Y= 2z, A<y

Then obviously

— 22y ’I,U+ B 7\/E
/ Li(x,a’,2,t)dz S W/ Xiy+2501(y +2)°A 7V dz = o — /P Aﬂg +(y ).
2l <V Vo (@) Jial<vi Vo (@)
Combining this with (4.2) and the relations
(4.5) (z+ V)~ (& +Vt) = (zAd' +VE) ~ (x Va2 + V1),

valid when |z — /| < V/t, we get

y VD) e — a2\
(:1:’—1—\/7?)2)‘ ~ t ’

We now focus on Iy. By Lemma 4.6, an explicit expression of V\;{r(x’) (see (2.5)) and (4.2)

/ Lz, 2,t)dz < |J;—:I:’|27(
|z|<v/t

we have
‘V)\,—i-(x) o V)\’+(33/>
Vit Vit
Vo)

/ I(z,2' 2,t)dz <
|lz[<Vt

M@+ VD> — @+ VO] Xy (2 = VO = ey (2 = VP
5 Vi@ + VP NEaE

= Ji(z, 2/, t) + Jo(x, 2/, t).

Thus to complete the proof it is enough to check that

x— | |z — 2/)? A+1/2 lz —2/|2\”
J;j ) lat <| -, 3 -2/ < ta :1)27
o2 ) S 7 +( ; +{— o —a/| <Vt

notice that in this sum the last term is dominating. We first focus on J;. By means of the Mean
Value Theorem and (4.5) we obtain

lz —2/|(0 + Vt)* =2
Vi@ VRV
where 0 is a convex combination of z and z’. To treat Jo we observe that

; , B (.I‘ Vo — \/5)2)\4-1
2(2, 2 1) = X{apwr<vicavar) V(x4 /1)

Ji(z, 2 t) <

(o = VP - (@ = Vi
+ <X{x/\x/22\/f} + X{Q\/{>m/\x/>ﬁ}> \/Z(x’ + \/E)Q)\ .

The relevant estimate for the first term is straightforward because, in view of (4.5), we have

(xVa — \/5)2,\+1 _ (xVa —xzA x/)2>\+1 B |z — x/|2 A+1/2
X{zna' <vi<ava'} Vi@ + VO~ (Vi) = n :
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To bound the second one we apply the Mean Value Theorem to obtain
22+1 22+1 2)
X{r/\x’z%ﬁ} ‘(l’ B \/Z) - (1'/ - \/Z) * ‘ =~ X{r/\:z:’ZZ\/zz,}|x - &7,|(0 - \/Z) )

where 6 is a convex combination of z and /. Since for x A 2’ > 21/t the expression 6 — /¢ is
comparable to quantities appearing in (4.5), we get the desired estimate. Treating the last term
in a similar way as I; at the beginning of the proof, we get

Xavisons'> i) ‘(x VDML (o \/5)2,\+1‘ < X{Q\/i>mx/>\/i}|x — 2P0 — VP,

where 6 is a convex combination of x and /. Since 2\ + 1 — 2y > 0, in view of (4.5) we have

|(:L' . \/7;)2)‘+1 . (x/ _ \/i)QA+1| < (x \d + \/{5)2)\+172’y
X{(2vi>zra'>V/i} Vi@ 4 V)2 S Xavisana'>vi |t — Vi + V1)

|m _ x/|2 Y
S Xevisana' >\ T )
This finishes the proof of Lemma 4.7. O

x/|2'y

Lemma 4.8. Let A € (—1/2,00)" be fized. Then there exists v = y(\) € (0,1/2] such that

- Ny < |$—CE,|2 v
|Z|<\/ZX{:IJ-&-ZERZ_,Z’—I—,Z@ER’_}_}‘—‘/\(x’Za ) N )

uniformly in z,x’ € R and t > 0. Moreover, one can take any v € (0,1/2] satisfying v <
minlgksn(Ak + 1/2)

Proof. Let v € (0,1/2] satisfying v < minj<p<,(Ax+1/2) be fixed. Observe that if |z —2'| > V/%,

Z2\Y
then using Lemma 4.6 and the obvious inequality 1 < (w) , we get the desired bound. Thus,

we can assume that |z — 2’| < v/t. Since the constraint 2’ + z ¢ R" forces zj, < —a), for some
k € {1,...,n}, it is enough to verify that for every k € {1,...,n} we have

, o0 — (uk_xM2>M+v2
n _ovea(z, z,t)dz < + .
/|z|<¢zX{m+z€R o) S5 20 Vi [

Further, by the product structure of Zy(z, z,t), the one-dimensional version of Lemma 4.6 and
(4.2) we see that it suffices to prove that

/ (e + 2) <uww;+om—mﬁyﬁw
X{- N ey el Z1 N .
| <V {—@p<zr<—ay} \/Z(:Ek-l—\/z)w‘k Vit t

To proceed it is convenient to distinguish two cases.
Case 1: xi > 2v/t. We have xj, + 21, ~ z1, =~ =1, + v/t and the required bound follows.
Case 2: xi < 2v/t. Since zj, + v/t ~ /%, an integration gives us

/ («Tk+zk)2)\k b < /—:c;€ ($k+2k)2/\k e (|5Ek _x;€|2>Ak+1/2'
|

X{_ <_ o 2k S —
wl<vi {—zp<zp<—z)} \/f(xk—f—\/f)”‘k tAet+1/2 t

—Tk

0

In the proofs of Propositions 2.6 and 2.8 we tacitly assume that passing with the differentiation
in z;,y; or t under integrals agains dt, dv(t) or du is legitimate. In fact such manipulations can
easily be justified by means of the dominated convergence theorem and the estimates obtained
in Lemma 4.1 and along the proofs of these propositions.
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Proof of Proposition 2.6; the case of WM T (z,y). The growth estimate (2.6) is an easy conse-
quence of (4.1) and Lemma 4.2 (with p =00, W =1,C =1/4 and |a| = |B| = [{| = |p| = |7| =
u=0).

For symmetry reasons we only need to show the smoothness condition (2.7). In view of the
Mean Value Theorem we have

)‘7 ) >‘7 ) )‘7 )
G (2,y) = G (@ )| < Ja - || VaGr ™ (2, y)]

)

with 0 = 0(t,z,2',y) a convex combination of z and 2’. Hence, it remains to verify that

| 1

<
eoany | = ylwy (B(z, [z — )
This, however, follows by applying successively Lemma 4.1 (taken with K = |r| = |M| = 0 and
¢ =ej, j=1,...,n, where e; represents the jth coordinate vector in R"™), the relations

V.G ()] |z —y| > 2|z — ).

-

(4.6) 0 <zVa lz — 0] < |z —2|, |z —zVva| <|z— 2,

Lemma 4.3 twice (with z = 6 and z = 2V 2’), Lemma 4.2 (choosing p =00, W =1, C = 1/128,
u =1 and 7 = 0) and finally Lemma 4.4 (specified to y =1 and z =z V /). 0

Proof of Proposition 2.6; the case of Q}\(@\j(m, y). The growth condition is obtained by combin-

ing Lemma 4.1 (taking |[¢| = |r| = 0) and Lemma 4.2 (with p = 2, W = 2K + |M|, C = 1/8,
u=0and 7 =0).

We now prove the bound (2.7) for g;\(’@\’j(m, y); the estimate (2.8) can be treated analogously.
After applying the Mean Value Theorerﬁ, our objective is to see that

1

S o eyl > 20—,
L2 (12K +IM|-14yp) \x—y\wj\'(B(x,\x—y\))

H ‘antl(dn,M,zG?er (.’L’, y) ’z:@‘

where 6 = 0(t,z,2',y) is a convex combination of  and z’. Again, we use sequently Lemma 4.1
(selecting |r| = 0 and £ = ej, j = 1,...,n), relations (4.6), Lemma 4.3 twice (first with z = 6
and secondly with z = 2V 2’), Lemma 4.2 (taken with p =2, W =2K +|M|,C =1/128, u =1
and 7 = 0) and Lemma 4.4 (with y =1 and z =z V 2’) to get the desired estimate. O

Proof of Proposition 2.6; the case of Kg’"’Jr(x, y). The growth condition is achieved directly by
the fact that ® is a bounded function, Lemma 4.1 (taken with K = 1 and [¢| = |r| = |[M| = 0)
and Lemma 4.2 (choosing p=W =1,C=1/8 u=0and 7 =0).

Next, we show the gradient estimate (2.9). Since ® € L°°(dt), our goal is to obtain the bound

1

< , T .
na S =gt B —g) 7Y

This, however, follows from Lemma 4.1 (with K =1, |[M| =0 and |[{| =0, r = e or £ = ¢;,
Ir|=0,j=1,...,n) and Lemma 4.2 (specified top=W =1, C=1/8, u =1and 7=0). O

H |Vx,yatG?’n’+ (z,y) | ‘

Proof of Proposition 2.6; the case of K,i‘”’*(:c,y). Since v is a complex measure, it has finite
total variation, and then proving the growth and smoothness properties for K, 2 ’”’+(ac, y) is reduced
to showing (2.6) and (2.7) for the kernel {G?’"’+(m, y) }+>0 in the Banach space B = L*°(dt). This
was already done in the case of WA (2, y). O

Proof of Proposition 2.6; the case of R;/’[”’Jr(x, y). Combining Lemma 4.1 (taken with K = |¢| =
|r] = 0) and Lemma 4.2 (choosing p =1, W = |M|/2, C =1/8, u =0 and 7 = 0) we attain the
growth bound for this kernel.



22 A.J. CASTRO AND T.Z. SZAREK

On the other hand, the gradient estimate is achieved by using Lemma 4.1 (specified to K =0
and [{| =0, r=ejor{=¢j, |r|=0,j=1,...,n) and Lemma 4.2 (with p =1, W = |M|/2,
C=1/8, u=1and 7 =0). O

Proof of Proposition 2.6; the case of 8;‘(?\;(35, y). We first deal with the growth estimate. Using
Lemma 4.1, and then Lemma 4.5 we infer that

Ok 81 G" (x,)|

X=x+z
< Z (z + Z)25*a5+77*<.7]y25*:65+77*p77t*(n/2+|>“+‘n‘+2|5‘)7K7|M|/2+(|a5|+Kn|+|55|+‘pn|)/2
E?C?p€{071}7L
a,B5e{0,1,2}"

q
 fo () )

provided that (z,t) € A. Now an application of the estimate
(@7) @+ <@V s Y o ceRL (st ed,

<7<k

where k € N” is fixed, gives the bound

O 0,01xG " (x,9)

X=x+z
< Z Z x2€_a€+n_<n_7y2€_65+n_’mt_(”/2+\/\|+|U|+2\6|)—K—\M\/2
57<:pe{071}n 0<7<2e—ae+n—(n
a,3€{0,1,2}"
(4.8) % t(|a€|+Cn+|ﬁa|+pn|+|7|)/2/exp( 16t) 011 (5),

for (z,t) € A. Using sequently this estimate, Lemma 4.6 and then Lemma 4.2 (taken with p = 2,
W =2K + |M|, C =1/16, u = 0) we arrive at the desired bound.

Next, we show the first smoothness estimate. More precisely, we will show (2.7) with any fixed
v € (0,1/2] satisfying v < minj<g<,(Ax + 1/2). To proceed, it is natural to split the region of
integration A into four subsets, depending on whether z + z,2’ + z are in R”} or not. We define

—{zt )EA: x—|—z€R”,x+z€R} Ay —{zt )eA: :c—l—zGR”,x—l—zgéR}
3 ={(zt)eAd:iz+2¢R},a'+2eR}}, Ay ={(zt)ed:x+2¢ R}, 2’ +2¢ R},

The analysis related to Ay is trivial and the case of As is analogous to Ao, thus we analyze only

two cases.
Case 1: The norm related to L2(A;,t2%+MI=1dzdt). By the triangle inequality

¢77¢+(

ag(&n,M,xG?m’Jr(Xa Y) ,Y) Ex(z!, z,t)

xzt nMx

x=x+2 x=x'+z

A A =
<101 6y x G (%, y) — 0f 0y M x G 7n7+(x’y)’ Ex(@, 2,1)

x=x'+2z

‘\/E/\(xv th) - \/E)\(I/,Z,t)‘
+z

= I(z, 7y, 2, t) + Ix(x, 2y, z,t).

X=x+z

+ |08 0y ux G (x, y)’
X=T

We will treat I1 and Iy separately. An application of the Mean Value Theorem and then succes-
sively Lemma 4.1, Lemma 4.5, (4.6), Lemma 4.3 twice (first with z = 6 and then with z = 2V a/)
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and (4.7) gives

Lz, y,2,t) Sle—a'] ) Yo (wva)restiminrResfetnen
€,(,p€{0,1}" 0<7<2e—aec+n—(n
a766{07172}n

w ¢~ (/2 A+ nl+2le]) - K= |M[/2—1/2+(|ae|+[Cnl+|Be|+|pnl+|7]) /2

xVay,s —
X /exp <—Q(256ty)> dQ)\+7I+1+E(S) \:)\(JZ/,Z,t),

provided that (z,t) € A; and |z — y| > 2|x — 2/|. Combining this with Lemma 4.6, Lemma 4.2
(specified to p = 2, W = 2K + |M|, C = 1/256, v = 1) and Lemma 4.4 (with v = 1 and
z =z V 2') leads to the required bound for I;. We now focus on I. Using the estimate (4.8)
and Lemma 4.7 we get

(49) HIQ('T7 .’I,',, Y, %, t) ||L2(Al’t2K+IM|—1dzdt)
5 |:E _ x/|7 Z Z x2afas+nanfry25765+nfpn
&,(,p€{0,1}" 0<7<2e—aet+n—(n
a,8€{0,1,2}™

x "f(n/2+l>\\+\ﬂ\+2lé\)*f<*|M|/2*7/2+(\a€|+|C77\+\56|+|P77\+|TD/2

q
X /exp( 16t> A0tni1ve 8)‘ L2(2K+M|=144)

This, with the aid of Lemma 4.2 (taken with p =2, W = 2K +|M|, C = 1/16, u = ), completes
the analysis associated with Aj.

Case 2: The norm related to L2(Ag, t2X+MI=1dzdt). Since S}\grj\’j(az’,y) = 0, our task is to
show that ’

(4.10) 1S (2, )| oy orcs v 1dzdt)s('x‘m")v - |
w9 ) w (B l—y)

for |z — y| > 2|z — 2|. By means of the estimate (4.8) and Lemma 4.8 we see that

,\, +
(5% g (‘ray)||L2(A2,t2K+\M|*1dzdt)

5 |x _x/|7 2 : z : xQe—ae—i—n—Cn—Ter—ﬂe—i—n—pnHt—(n/2+\/\|+|n|+2\a|)
£,(,pe{0,1}" 0<7<2e—ae+n—(n
aﬂae{oi]"z}n

o 4= K—IM|/2=7/2+(|ae|+¢nl-+|8e|+pnl +])) /2 / exp< q6t> A s 1se(s )‘

Lz(t2K+|M|—1dt)'
The right-hand side here coincides with the right-hand side of (4.9), and (4.10) follows.

We now focus on the second smoothness condition (2.8). We prove it with v = 1. Using the
Mean Value Theorem, and then sequently Lemma 4.1, Lemma 4.5, Lemma 4.3 twice (with z = 6
and z =y Vy') and (4.7) we obtain

O 65,0126y (x,9) — 0 6y G (x,y)

vV Ex (J;v 2 t)X{:B+z€R1}

X=x+z xX=z42
S |y — y’| Z Z x25—a6+77—C77—7'(y V y/)25—56+n—pnt—(n/2+\)\|+|n|+2‘5|)_K
,(,p€{0,1}" 0<7<2e—ae+n—_(n
«,5e€{0,1,2}"

—|M|/2-1/2 2 q(z,yVy',s)
o ¢=IM1/2-1/2+ (Jac|+ICn-+|Bel +ipm|+ )/ /exp (‘25& 112 (5)
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Xy E>\<$7 2y t)X{x+z€R1}

for (z,t) € A and |z — y| > 2|y — ¢/|. An application of Lemma 4.6, Lemma 4.2 (specified to
p=2 W =2K+ |M|, C =1/256 v = 1) and then Lemma 4.4 leads directly to the desired
estimate.

This finishes the whole reasoning justifying Proposition 2.6. (]

To prove Proposition 2.8, we need Faa di Bruno’s formula for the Kth derivative, K > 1, of the
composition of two functions (see [7] for related references and interesting historical remarks),

K ki
(4.11) 0K(go f)(t) = Zk' K - (@rrethi gy o f (t)(atf(t)> ”_'(atfé(t)) |

where the summation runs over all kl, ..., kg >0 such that k1 + 2ko + ... + Kk = K

Proof of Proposition 2.8. The reasoning is based on the subordination formula (2.11) and a care-
ful repetition of the arguments from the proof of Proposition 2.6 (the case of S;‘(?}\j (z,y)). We
give the details only in the case of the growth condition (2.6), leaving the proof of the smoothness
bounds to the reader.

By (2.11) and Faa di Bruno’s formula (4.11) applied with g(r) = 5777M7XG7)«\’77’+(X, Y) and

f(t) =12/ (4u), we get x=z42

A
OF Sy 1B} 3, 3)|

X=x+z

00
ey +k A,
- § : Ckhkz/ arl+ 20 ,M,XGrn+(Xay)
0

k14+2ko=K

42
P kg€ du
X=r+z \/ﬂ ’

where ¢y, 1, are constants; observe that this formula works also for K = 0. Using Minkowski’s
integral inequality we may reduce our task to showing that

o0 r=t2/(4u)
/0 1 V E)\(Ivzth)X{erzER’j_}

k1+k A,
8r1+ Qén,M,xGr n +(X,y)

X=z+z L2(T,12K+2IM =14 dt)
ki —ky € Vdu < 1

Vo T wl(Bz, |z — )
where ki, ko € N are fixed and such that ky + 2ko = K. After the change of variable 2 — ¢, we
see that the left-hand side above is, up to a constant factor, equal to

o0 r=t/(4u)
IE~/O \/ $ = t X{:U-‘,-ZER"

X U

T # Y,

a:fl +ka O M, GA,U +

X=2+2z L2(A 1 HE+IMI=1qq)
% U ke — du
\/E
Proceeding in a similar way as at the beginning of the proof of Proposition 2.6 (the case of
S;‘{’Z\’j(a:, y)), namely using Lemma 4.1, Lemma 4.5 and then (4.7), we obtain
r=t/(4u)
0126, X G (%, y)
X=x+2z
< Z Z $2€7a6+77*477*7'y267ﬂ6+77*p77(t/u)*(n/2+‘>\|+‘7]‘+2|6|)*k17k27‘M‘/2
€,(,p€{0,1}" 0<7<2e—ae+n—(n

«,B8€{0,1,2}™
% (t/u)(|oca+C77|+|[38+|PTI|)/2tT|/26u/2/exp (7%u) A i14e(s), (2,t) € A.



FUNDAMENTAL OPERATORS IN DUNKL AND BESSEL SETTINGS 25

Since the expression in the right-hand side is independent of z, an application of Lemma 4.6 and
then the change of variable t/u +— t gives

~

I < Z Z /Oo "x25*0‘5+’77<n77'y25*55+77*/”7t*(n/2+|)\|+|n|+2\5|)7k1,k2,|M|/2
E’C7pe{071}n OSTSQE—OL&‘—‘,-?]—CU 0
a,3€{0,1,2}"
q
s« g(lasl+ICul+1Bel ol +I1)/2 / exp (—@) dQA+n+1+e(s)(

This together with Lemma 4.2 (taken with p = 2, W = 2k; 4+ 2ko + | M|, C = 1/4, u = 0) leads
directly to the required bound. O

—u/2
M2+ 28 du
L2(th1+K+IM|=1gy) \/ﬂ
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