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ON AFFINITY OF PEANO TYPE FUNCTIONS. II
By ToMAsz SLONKA (Katowice)

According to Theorem 1 of [2] by M. Morayne the Continuum Hypothesis
implies the existence of functions fi, fo: R — R such that (f, f2)(R) = R?
and for each € R at least one of fi, fy is differentiable at z. In [3] by
M. Morayne we have a more general result: If n € N and 2% < N, then
there are functions f1, ..., foy1: R® — R such that (f1,..., foy1)(R?) = R
and for each point of R at least n of those functions are differentioable. In
[1] by J. Cichont and M. Morayne this result is generalized as follows. If
2% < N, then for any m € N there are functions fi,. .., fyim: R" — R such
that (f1,..., form)(R™) = R™™ and at each point of R™ at least n of them
are differentiable. It is the aim of this paper to strengthen this statement
replacing differentiability at the point by affinity in some its neighbourhood.
More exactly we will prove the following theorem.

Theorem. If 2% < N, and m € N, then for every ¢ € (0,00) there exist
functions fi,..., form: R™ — R with the following properties (i) and (ii):

(i) for every x € R™ there exist a strictly increasing sequence (i, ..., i)
of numbers from {1,...,n+m} and a b € Z" such that

(firs-- s fi)W)=y+b  fory€ax+ (—cc)x R"L

(11)(f17 s >fn+m)(]Rn) = R*t™,

The proof of the Theorem we procede by five lemmas. To formulate the
first one for any nonvoid set X put

k—1 n
Jr(xe, ..z, A) :H{xl} X A X H{xz} for zq,...,2, € X, ACX,
i=1 i=k

and

Zk($,B) = {(yl? oy Yk—1, T, Yy - - - 7yn) € XnJrl: (yla cee 7yn) € B}

forx e X, BC X" and forne Nand ke {1,...,n+1}.

Clearly, for any A C X, z1,...,2, € X, k € {l,...,.n+ 1} and | €
{1,...,n} there is an m € {1,...,n+ 1} and a permutation o of {1,...,n}
such that

(T, Ji(T1, - T, A)) = Jn(To)s - - - Tom)s A).



Lemma 1. If X is a nonvoid set with | X| < X,,, then there exists a collection

(1) {Asy zni (21,0 2n) € X7}
of countable sets such that

n+1

(2) XnJrl - U U jk(xly'"7xn7A$17~--,In)'

k=1 (xl,...,:pn)EX”

Proof. To define a suitable collection for n = 1 let us order X in type less
than or equal to N; and put

A, ={ye X:y<z} forzelX.

Then {A,:x € X} is a collection of countable sets and

2

U U el A) = [ (A x {eh) U ({o} x A,) = X2,

k=1zeX zeX

Fix now a positive integer n > 2 and assume that for any nonvoid set X
with | X| < W, _; we have a collection

{Apy iz i (1, ) € XM7Y

of countable sets such that

X" = U U jk(xla -y Tn-1, Aﬂcl,...,xnfl)’

k=1 (z1,..,zn-1)eX"1

Let X be a nonvoid set with | X| <N, order it in type less than or equal
to N,, and put
I, ={ye X:y<z} forzelX.

Then
I, <N,; forzeX

and by the induction hypothesis for every x € X there exists a collection

A? '(Il,...,l‘n_l) 6];?_1}

T1,-0sTp—1"

of countable sets such that

(3) I;;L = U U jk($1, <o Tp—1, Ai1,...,mn71)'

k=1 (1‘17"'7mn—1)exn_1



Putting
A”* L, =¢ for (x1,...,7p 1) € X"\ I["andz € X

L1y--eyT

and
Ay U A ZE?; a(n1) forxq,...,z, € X
ceS(n)
(where S(n) denotes the set of all permutations of {1,...,n}) we obtain a
collection of countable sets. To get (2) observe first that if (z1,...,2,.1) €
X" and k€ {1,...,n+ 1} is such that x; <z for [ € {1,...,n+ 1}, then
(T1,.. ., Tpy1) € zk(xk, I" ) which shows that

Tk

n+1

X = iz, 1

k=1zeX
This, (3) and the observation made after the definition of the sets i’s and j’s
give

n+1

n+1l __ ] T
= Uul(old U almazn )
k=1a,€X =1 (211l
n+1

_ U U U U Zk (mnajl (xla"'axn—laA;?, Tp— 1))

k=1x,eX I= 1(1‘1 Tn— 1)6X"71

-----

n+1

C U U U ]m (1‘0(1), -y Lo(n), Ag?, STy 1)

(z1,-zn)EX™ m=1 0€S(n)

n+1

. To(n)
= U U U Jm 561, <oy T, Axo(l)v---vwo(nfl))

(z1,.sxn)EX™ m=1o€S(n)

n+1

- U U jm<x17'--7$n>Ax1,...,xn>'

m=1 (z1,...,.z,)EX"

]

Lemma 2. Assume |R| < X,,. Then for every k € N there are functions
fiks ooy far1:[0, 1] — [0, 1] with the following properties (iii) and (iv):
(iii) for every k € N there is ani € {1,...,n+ 1} such that

(4) (frgo s ficro firps o frgrp) = idjoan;
(V) Uren (s - -+ far1) ([0, 1]7) = [0, 1"



Proof. Appling Lemma 1 for X = [0, 1] we obtain a collection (1) of countable
sets such that (2) holds. Consider a function

h:[0,1]" — U AN

(Il ----- wn)E[O,I]”

such that h(zy,...,x,) maps N onto A,, . forany z1,...,2, € [0,1], and

for every k € N, 1 € {1,...,n+ 1} define

.....

(frma D) =140 - - - St a1y (e—1)420): [0, 1] — [0, 1]+

by
(fl,(n+1)(k—1)+z7 ceey fn+l,(n+l)(k71)+l)(l‘17 . ,xn)
= (z1,..., 21, h(xy, . xn)(k), 2y, .o Ty
Clearly,
(fr, 1) =)+ - - 5 Fim1,(n1) k=1 J141, (0 1) (=)0 - - - 5 St 1, (n 1) (h—1)41) = idjo, 1)

for every k € N, 1 € {1,...,n+ 1}, and

n+1
U Grms - Farn)(0,107) = | U Frimsnyge-nsts - Farn -+ ([0, 107)
meN =1 keN

= U {(fl,(n+1)(k—1)+l7 cee fn+1,(n+1)(k—1)+l)($1; ce ,iEn)}
= {(z1,... ;1 bz, . xn) (k) 2y, )}

= U e o Ay a) = (0,17
=1 (21,...,20)€[0,1]"
Lemma 3. There is a bijection a: Z""' x N — 27 such that
(5)  fsi—t] > 1= [alsn S k) — altr, g, )] > 2

for (81, 8nt1)s (t1, oy tny1) € Z" and k,1 € N.



Proof. Let (see the figure) a:N U {0} — Z x (NU {0}) be a bijection such
that «(0) = (0,0) and

k=1 <1=Jai(k) —aa(D)] <1

AN

for k,1 € NU {0}, and : (—N) — Z x (=N) a bijection such that 5(—1) =
(0,—1) and

k=1 <1=|[Bi(k) - B(D)] <1
for k,1 € —N. Putting v = o U 3 we obtain a bijection 7: Z — Z? such that
k=1l <1=|nk)—nd <1

for k,l € Z. Further, take an arbitrary bijection 0:Z — Z" x N and define
b:27 — 7" x N by

b(2k) = (n(k),6(72(k)))  for k € Z.

It is easy to see that b is a bijection and its inverse a has the desired properties.
O

Lemma 4. If2% <X, then there ezists a real constant § > 0 and functions
fiyo ooy fua1: R — R with the following properties (v) - (vii):

V) |filz) = fily)| <3 forzx eR" andy € x + (—9,0) x R"!;

(vi) for every x € R™ there exists ani € {1,...,n+1} and a b € Z™ such
that

(frooo s ficts fists s for) () =y + b fory € o+ (=6,6) x R™ L

(vil) (fio- ., farn)(R?) = R



Proof. Let a:Z""™ x N — 27 be a bijection such that (5) holds, for s =
(815, 8041) € Z" k € N put aj = a(s, k) and define ¢;: [af, aj + 1] x
[0, 1]7=1 — [0,1]" and 1°: [0, 1] — ]2/ [s4, 81 + 1] by

er(v) =v+(a;,0,...,0), ’(w)=s+w.

Clearly e and [* are bijections for all s € Z"™ k € N. For every k € N let
fiks ooy far16:[0, 1) — [0, 1] satisty (iii) and (iv), and put

(Pl s P ) = o (fiks - faran) oef  for s € VARES

Then

(6> U (hika LRI h;sz—i-l,k) ([ai7 GZ + 1] X [07 1]7171)
keN

= J & (s S (ei (lai, @+ 1] < [0,1]"71)))

keN

= (U (Fus- o Furin) ([0, 1]“)) = ([0,1") = 0,1 + 5

keN

for s € Z"*. Moreover, if £ € N and i € {1,...,n + 1} is such that (4)
holds, then for any s € Z"*! and z € [a§, aj + 1] X [0,1]""! we have

(7) ( ikv te 7h§—1,k> hf—&-l,kv et hfz-&-l,k)(l')

= (fl,kv s 7fi—1,k7fi+1,k7 ey fn-‘rl,k) © 62(1’) + (Sh ceey Si—1y Sigly - 787’L+1)
= e () 4+ (81,5 8i1,Sit1s -+ Snt1)

_{x+(32—az,83,...,3n+1), ifi=1,
Sl x4+ (s1—al, S,y Sic1, Sivds ey Sny1), Af > 1,
=r—+c
with a suitable defined ¢ € Z" (depending on s and k).
Since
a3, ap + 1] N [aj, a, +1] = ¢ for (p,s) # (q,1),
the formula 3 .
(oo Fupa) (@) = (Bl s By ) ()
for z € [aj,a) + 1] x [0,1]"!, s € Z"™ and k € N define a function

(fireoos frgn): U.ez[22,22 4+ 1] x [0,1]"7! — R"™*!. According to (6) we have

(8) <f17-~~7f~n+1) (U[Zz,Qz—i— 1] x [0, 1]”1>

2€7Z



= U e h) (e ag + 1] x 0,17
(s,k)EZN+T1 XN

= U (01" +5) =R

SeZn+1

Moreover, it follows from (7) that there exists a function ¢:Z — {1,...,n+
1} x Z™** such that if ¢(z) = (4, ¢), then

9) (Fiveeos ficts fists o os Frr) | ez siyxonn—t = id 2211 fo.agn-1 + .

For z € Z we put
B, =[22,2z+1] x [0,1]"7},  C,=(22—-2%,2z—1) xR,
_ n+1+j n+j n+j n+j+1 n—
C.y=([22 - ongd 2 27 — 6n+J3) U(2z+1+ s 22+ 1+ 505 J) xR
for j € {1,...,n}, and, with (i,¢) = p(2),

B.o= [2z—ﬁ,2z+1+ ] xR B,

6n+
B.;=([2z~ 6?4?3722 - %) U(2z+1+ i6+rLJ:31’2Z+ L+ Gzrjr_+]3D xR
for j € {1,...,n+1—1i}, and, with a} = 2z,
k.(x) )
( (fla"'vfn—‘rl)(x) fOI'I'GBZ,
(x14+c1,. . i1+ ¢i—1, 81, T + ¢y ..., +¢)  forxz e By,
(r1+ 81 —2z,21+ ¢y, Ty + Cn) forxe B, ifi =1,
(x1+c1yeey @i+ i+ Ciy ooy T+ Cp) forx e B,y ifi>1,
= (x1+ 81— 22,224+ C2, ..o, Tim145 + Cim144, for € B, ; and
Ti—1+j + Ci—14j, Ti+j + Citjs---,Tn —I—Cn) j€e {2, ooon+1-— i},
(x1+ 81— 22,224+ C2, ..o, Tng1—j + Cngi—j, for z € C; ; and
xn+1_j,...,xn) je {1,...,n},
[ (51,21,...,2p) for x € C,.

Hence, for any z € Z we have defined a function k,: (22 — 2,2(z + 1) — 2] x
R ! — R*". We will show that (v) - (vii) hold with

1
5=
12n + 6

and
(fi, - for1) () = k()

for z € (2z — %,2(2 +1)— %} x R"1 and z € Z. First, however, observe
that if 2 € Z and aj, = 2z, then for ¢ > 1 according to the definition of ¢ in
(7) we have s; = ¢; + 2z and so

f ((zz - ;,2(24— 1) — g} X R"—l) C fl(Bz)U(<2z - %,2(7: +1) - ﬂ + c1>

~ 2 4
C fi(B.)U (81 — g,sl + g} ;



if 1 =1, then

S ((22— ;2(2+ 1) — ;] X Rn_l) C fi(B.) U (81 - ;,31 - Zﬂ

as well. Consequently, for any 2z € Z, if aj = 2z, then

2 2 2 4
fi <(22 — 3 2(z+1) — g} X R”_l) C hik([QZ,Qz—i—l]xR”_l)U(sl — 58 + 5}

C +1]uU 2 +4— - +4
$1, 51 S1 3,51 3| = S1 3751 3|

Let 2,y € R™ and |27 — 1] < 9. Then

ef(2:-22¢1+1)-2 e (2w—2 2+1)-2
T z—=,2(z - w— =, 2(w - =
' 3 30! 3 3
and |w — z| < 1. If aj = 2z and a} = 2w, then

|CL(81, s 75n+lak) - a(tla s 7tn+17l)| = ‘2Z - 2’U)| <2

and 2 4 2 4

filz) € <51 B + 5} , ily) € (tl - §7t1 + g]
which jointly with (5) shows that |s; — ¢;| < 1 and |fi(z) — fi(y)| < 3 and
proves (V).

To prove (vi) fix an x € R, let
2 2
x € <22—§—6,2(z+1)—§—5} x R

for a z € Z and put (i,¢) = ¢(z). We will distinguish five cases concerning
the first coordinate x; of x.

1. If 2, € [22— s T 022+ 1+ 55 —5], then

z+(=0,0) xR C B,UB,j,
and taking (9) into account for y € z + (—4,d) x R"™! we have

(froooos fimts fivts o far) (W) =y +

2. If

T € [22 — 63:33 +0,22 — —ig“n]:; - 5)U(2z + 1+ —zg;f;; +0,2z+1+ —63:33 — (5}

for some j € {1,...,n+1—i}, then

T + (—(5, (5) X Rn_l C Bz,j U Bz,j—l

9



and for y € 2+ (—6,) x R""! we have (note that if i > 1, then ¢; = 51 — 22)

e y+c Jifj =1,
(froo s fivgmas fivgs -+ far) (y) = { (s1—22,¢9,...,¢,) ,if j> 1

3. If
71 € (22— g5 46,22 — U (22 + 14 525 + 6,22 + 1+ 22 — ],
then

T + (—5, (5) X Rnil C Bz,nJrlfi U Cz,l
and for y € x + (—4,9) x R"! we have
(flaafn)(y) :’y—|—(81—22702,...70n>.

4. If

oy €[22 — B 1§ 0, - n T §)y(22 414+ B 6 22 4 1 4 B ]

6n+3 6n+3
for some j € {2,...,n}, then

6n+3 6n+3

+ (—5, 5) x R C Cz,j U 027]‘_1
and for y € x + (—4,0) x R"! we have

(fla v 7fn+1—jafn+3—j7 . 'afn+1)(y)

- (y1+cla cee 7yn+1—j+cn+1—j7 Yn+2—jy -+ - 7yn) = y+(81—22, C2y ..oy Cnti1—j, 07 cee

5. If y € ( z———5 2z — —+5),then
+(=6,6) x R™ C C.UC., UCs 10
and for y € x + (—c,c) x R"™! we have

(f2r -5 o) () = ¥

To get (vii) it is enough to observe that according to (8) we have

(flv"'7fn+1)(Rn> 0 U(fh” fn—i—l Uk
Z€Z Z2EZ
= U (fis- oy for1)(B.) = R™,
2EZ

10

,0).



Lemma 5. If2% <N, then for every d € (0,00) there exists an M € (0, 00)
and functions hy, ..., hyo1: R™ — R with the following properties (v’) - (vii’):
(V) |hi(z) —hi(y)| <M forz € R" andy € x + (—d,d) x R"1;

(Vi) for every x € R™ there exists an l € {1,...,n+ 1} and a b € Z"
such that

(10) (has- o Pur hugay o hog)(y) =y +0 fory € o+ (=d,d) x R
(vii") (hy,. .., By ) (R™) = R

Proof. Fix a d € (0,00) and making use of Lemma 4 choose a positive real

constant § and functions fi,..., for1: R” — R with properties (v) - (vii).
Let m be a natural number such that d < md. Defining hq, ..., h,11: R" —
R by

1
h;i(y) = mf; (Ey) forje{l,...,n+1}
we easily see that (v’) - (vii’) hold with M = 3m. n

Proof of the Theorem. Let m be a positive integer and fix d € (0, 00). Apply-
ing Lemma 5 we obtain an M € (0,00) and functions hq,..., h,11: R* — R
with properties (v’)-(vii’).

Making use of the induction hypothesis consider functions fi, ..., foim: R" —
R and satisfying (i) with ¢ = max{d, M} and (ii). It follows from (ii) that
(fis- - frimgr): R?TU — R given by

(fb R fn-&—m-l-l)(xl’ s 7xn+1) = ((fla R 7fn+m)<x17 SR 7xn)7xn+1)

is a surjection and so is the function (g1, ..., gnims1): R" — R™™™*1 defined
by . .
(915 s Gnrmar) = (frs oo frrmar) © (hay o Bog).

Fix now an © € R" and let [ € {1,...,n+ 1} and b € Z" be such that
(10) holds. Then
(11) if I > 0, then hy(y) = y1 + bs.

It follows from (i) that there exist a strictly increasing sequence (i1, . ..,i,) €
{1,...,n+m}" and a v € Z" such that.

(12) (fim"'afin)(y) =y+tv for y € (hl(fL‘)-f-(—C,C)) x R*1,
If [ < n then put

g for k < I,

1 =n+m+1, ]k_{ik-',-l for | > k > n,

11



w = (bl + v, 7bi71 + Vi1, bz + Uitls - bnfl + vn7bn>-

Clearly, 1 < j; < ... < j, <n+m+landw € Z". Fixy € x+(—d,d) xR,
According to (10) we have

(gj17 s ’gjn)(y) = (ﬁl? .- '7fiz_1afil+17 .- "ﬁn?fn+m+1)(h1’ .. '7hn+1)(y)
= (.f’hv"'ﬂﬁl_17ﬁl+1a'"7f7§n7fn+m+1)(y1+b17"'a
Yi—1 +blfl>hl<y)7yl+bl>"'7yn+bn)
= ((firs-- s Jiss Jivers - fi)yr +b1, ..,y + b,
hl<y)7yl+bl7"'ayn—1 +bn—1))7yn+bn)a
and (11) and (v’) show that the point
(Y1 +01, .y b, hi(y), v+ b Y1+ bn)

belongs to (hi(z) + (—¢,¢)) x R*L. Consequently, taking also (12) into
account,
(Gjn> -+ 95) (W)
= (yitbitor, oyt v, - Vit btV Y1 b1+, YD)
=ytw
If | = n+ 1, then taking (11), (v’) and (12) into account we see that

(giu s 7gzn)(y) - (-ﬁl? .- '7ﬁn)((h17 .- "hn-i-l)(y))
= (.];in . '7ﬁn)(y1 + bla < Un + bmhn-‘rl(y))

<f2177fzn)<y+b>:y+b+?]
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