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1 Plane affine curves and polynomial automorphisms of C?

1.1 Degree and asymptotic directions
Let F = F(X,Y) =3 caX?Y? be a polynomial with complex coefficients c,3. We put
supp F = {(a, 3) € N? : cqp # 0},
deg F = sup{a+ 3 : (a,3) € supp F'},
Fr= > Xxv°
a+f=deg F’

By conventions: deg( = —oo, 07 = 0. We have deg F'G = deg F' + deg G, (FG)* = FTG™.

The ring C[X, Y] of polynomials in two variables is an UFD (unique factorization do-
main). In particular F' is an irreducible polynomial if and only if F' is a prime element of
C[X,Y]. Using the algorithm of the greatest common divisor (see, for example M. Bécher,
Introduction to Higher Algebra, Chapter XVI) we check



Lemma 1.1 If F = F(X,Y) and G = G(X,Y) have no common factor of positive degree
inY then a(X) = A(X,Y)F(X,Y)+ B(X,Y)G(X,Y) in C[X,Y] with a(X) # 0.

In what follows we identify the polynomial F' = F(X,Y) and the polynomial function
C? > (z,y) — F(z,y) € C. We put

V(F) ={(z,y) € C: F(x,y) =0} .
Lemma 1.2
(a) If F # const then V(F) and C%\ V(F) are infinite.
(b) If F,G € C[X,Y] are relatively prime then the set V(F)NV(G) is finite.
(¢) If F has no multiple factors and V(F) C V(G) then F divides G.

We leave to the reader the simple proof of Lemma 1.2 (to check (b) use Lemma 1.1).

A subset V C C? is an affine plane algebraic curve (an affine curve in short) if there is a
polynomial F' # const such that V' = V(F). If F has no multiple factors then we say that
F' is a minimal polynomial of the affine curve V' = V(F'). Any two minimal polynomials of
the curve V differ only by a constant factor. An affine curve is irreducible if its minimal
polynomial is irreducible. Note that V(FG) = V(F) U V(G). We check easily

Lemma 1.3

(a) V is irreducible if and only if there are no two affine curves V' and V" such that

V=vV'uV"”and V',V £V.

(b) Let V C C? be an affine curve. Then'V has a decomposition V = Vi U...UV;, where
each V; is an irreducible curve and V; ¢ V; for i # j. This decomposition is unique
up to the order in which Vi,..., Vs are written.

To define the notion of projective line we define an equivalence relation on the set C2\{(0,0)}
by setting
(z,y) ~ (,y)

if there is a nonzero complex number \ such that 2’ = Az and 3’ = \y. Then we define
PY(C) = C*\ {(0,0)}/N .

Let V' be an algebraic curve with minimal polynomial F' = F(X,Y’). Then we put
degV = deg F,

Voo = {(k:1) € PY(C) : F*(k,I) =0} (the set of asymptotic directions of V).

Theorem 1.4 (Geometric characterization of degree)
Let V' be an affine curve of degree n = deg V' and let L be a line such that L ¢ V. Then

(a) #(VNL)<n,
(b) if Voo N Lo # @ then #(V N L) < n,

(¢) if VooNLoo = & then the set of lines L' parallel to L such that #(VNL") < n is finite.



Proof of Theorem 1.4
Let F' be the minimal polynomial of V. Then deg F' = n and the set Vo, has the equation
Ft =0. Let X =a+kT,Y = b+1T be a parametrization of the line L. Then Lo, = {(k :
)}. Let

O(T)=F(a+kT,b+1T) € C[T] .

It is easy to check that
(1) ®(T) = F*(k,)T" + ...+ F(a,b),
(2) #(VNL)=#2"1(0).

One has ®(T") # 0 because we have assumed L ¢ V. From (1) and (2) we get immediately
properties (a) and (b) of Theorem 1.4. To check (c) we need

Lemma 1.5 If F € C[X,Y] has no multiple factors and F*(k,l) # 0 then the polynomials
F and DF := k(0F/0X) + [(OF/0Y") are relatively prime.

Proof of Lemma 1.5
The condition F'*(k,1) # 0 implies deg DF = deg F — 1. Let F' = F} ... F, with irreducible
factors F;. Then DF = (DFy)Fy...F. + ...+ Fy...F._1DF,. Suppose that F' and DF
have a common factor, we may assume that it is the polynomial Fy. If F} divides DF
then Fy divides (DFy)Fy ... F, and consequently DFj since F} and Fy...F, are coprime.
Clearly Fit divides F* and Fy"(k,1) # 0. By the remark made at the beginning of the proof
deg(DFy) = deg F; — 1. A contradiction since from the fact that Fy divides DFj it follows
that deg F1 < deg(DFi) m

Now, we may continue the proof of Theorem 1.4. We have to check property (c) of
Theorem 1.4. Let us consider the set W := V(F) NV (k(OF/0X) + [(0F/0Y)). It is
finite by Lemmas 1.5 and 1.2 (b). Let N = #W and let Li,..., Ly be the lines passing
through the points of W and parallel the line L. Let L’ be a line parallel to L and different
from Li,...,Ly. We claim that #(V N L) =n. Let X =d +kT,Y =V +1T be a
parametrization of L’ and consider the polynomial

F(d +kT,0 +1T) = FH(k,)T" + ...+ F(d',V) .

It is a polynomial of degree n. All roots of this polynomial are simple (i.e. of multiplicity 1).
Indeed, if the polynomial F'(a’ 4+ kT, V' 4+ IT) had a root ¢y € C of multiplicity > 1 then the
point (zg,y0) = (a’ + kto, b + Itp) would lie in the set W, which contradicts the assumption
WNL =@. Thus we get #(V N L") = n because different roots of F(a' + kT,b + IT)
correspond to different points of VN L' m

1.2 Polynomial automorphisms of C?

A polynomial map F : C?> — C? is called polynomial automorphism if F~! : C? — C?
exists and is also a polynomial map. We denote by Aut(C2) the group of polynomial
automorphisms of C?. Examples

1) F(X,Y)=(aX +bY +c,a1 X +01Y +¢1), aby —arb# 0

2) F(X,Y)=(aX,bY + P(X)), ab# 0, P(X) is a polynomial of degree > 1, or
F(X,Y) = (aX 4+ Q(Y),bY), where Q(Y) is a polynomial of degree > 1.



Theorem 1.6 (Jung-Van der Kulk)
Any polynomial automorphism is a composition of automorphisms of type 1) and 2).

Proof. See A. van den Essen, Polynomial Automorphisms and the Jacobian Conjecture.
Progress in Mathematics, vol. 190. Birkhauser 2000.

For any polynomial map F' = (F1, F») we set jac F' = (0F,/0X)(0F2/0Y )—(0F1/0Y )(0F»/0X).
Let I : C?> — C? be a polynomial automorphism. Then F~! o F = identity and

(Gac F)~' o F)(jacF) = 1 in C[X, Y] .

Thus jac F' = const # 0.

Jacobian Conjecture (Keller 1939)
Let F : C? — C? be a polynomial map such that jac F = const # 0. Then F is a polynomial
automorphism.

This conjecture is still open, see S. Smale, Mathematical Problems for the Next Century.
Mathematical Intelligencer, vol. 20 (Springer 1998), pp. 7-15.

Polynomial curves and automorphisms

An irreducible curve V C C? is a polynomial curve if there exists a pair of polynomials
P(T),Q(T) € C[T], in one variable T', such that

(i) (x,y) € V if and only if there exists t € C such that z = P(t), y = Q(¢).
(ii) If t1 75 to then (P(tl),Q(tl)) 75 (P(tg),Q(tQ)).

Theorem 1.7 Let V be a polynomial curve with parametrization P(T) = aT"+..., Q(T) =
bT™ + ..., where a # 0 or b # 0 then degV =n and Vo = {(a : b)}.

Proof. We may assume that deg P < deg @ (the case deg P = deg ) we treat analogously).
Then a = 0 and b # 0, so (a : b) = (0 : 1). To calculate degV and Vi let us consider
a line L such that L ¢ V. If L = V(pX + ¢Y + r), where p,q,r € C, p # 0 or ¢ # 0
then #(VNL) = #{t € C: pP(t) +qQ(t) +r = 0}. Since L ¢ V the polynomial
pP(t) + qQ(t) + r is nonzero of degree < deg(@ = n, the equality holding if and only if
q # 0. We get then

) #(VNL)<mn,
(4) if Lo = {(0: 1)} then #(V N L) < n.
To finish the proof it suffices to check
(5) if Loo # {(0: 1)} then there exists a line L' parallel to L such that #(V N L") = n.

To check (5) observe that Lo, # {(0 : 1)} if and only if ¢ # 0. Suppose ¢ # 0 and let
t1,...,ts (s < n) be all roots of the polynomial p(dP/dT) 4 ¢q(dQ/dT). Let r' € C be such
that pP(t;)+qQ(t;) #r' for j=1,...,s. Let ' = V(pX +qY =r'). Then #(VNL')=n
since the polynomial p P(T) + ¢ Q(T) + r’ is of degre n and has no multiple roots. Now
Theorem 1.7 follows from Theorem 1.4 m

Let us present some applications to polynomial automorphisms. The following lemma
is an immediate consequence of definitions.



Lemma 1.8 Let F = (I, F) : C?> — C? be a polynomial automorphism and let F~1 =
(G1,G2). ThenV(Fy) and V (Fy) are polynomial curves with parametrizations (G1(0,Y2), G2(0, Y2))
and (G1(Y1,0), G2(Y1,0)) respectively.

For any polynomial automorphism F' = (Fy, Fy) we set deg F' = max(deg F, deg F3).
Theorem 1.9 For any F € Aut(C?): deg F~! = deg F.

Proof. We have deg F' = max(deg F1,deg F») = max(deg V (F1),degV (F2)). By Theo-
rem 1.7 we get degV(F}) = max(degG1(0,Y3),deg G2(0,Y2)) < max(degG1,degGsy) =
deg F~! and deg V (Fy) = max(deg G1(Y1,0),deg G2(Y7,0)) < max(deg G1,deg Go) = deg F 1.

Therefore deg F' < deg F~'. Applying the inequality deg F' < deg F~! to the automorphism
F~! we get deg F~! < deg(F~1)~! = deg F. Consequently deg F' = deg F ' m

Theorem 1.10 (Jelonek). Let F' # id be a polynomial automorphism. If an affine curve
V C C2? lies in the set Fix F = {(x,y) € C?: F(x,y) = (z,y)} then #V4 = 1.

Proof. We may assume that degV > 1. Then degF; > 1 and deg F> > 1. We have
V c{(x,y) € C?: Fi(z,y)—z =0} = V(F1—X). The curve V(F; — X) has one asymptotic
direction since deg F} > 1 and V(F}) being polynomial curve has one asymptotic direction
by Theorem 1.7. Thus #V,o =1m

Theorem 1.11 (Jelonek). Let W C C? be an affine curve with at least two asymptotic
directions. Suppose that F, F € Aut(C?) and F|W = F|W. Then F = F.

Proof. The condition F|W = F|W implies that W C Fix(F~' o F). Since #W > 2 we get
F~1o F =id by Theorem 1.10 and F = F =

The reader will find more result of this type in Z. Jelonek, Sets determining polynomial
automorphisms of C2. Bull. Polish Acad. Sci. Math. 37, 1989.

2 Singular points and tangents

Let F = F(X,Y) € C[X,Y] be a nonconstant polynomial. For any p = (a,b) € C? we write

F=Y" (X —a)*(Y —b).

We define
ord,F' = inf{a + 3 : c(ap/)g # 0} (the order of F at p)
and
in,F = Z cg%(X — a)*(Y —b)? (the initial form of F at p) .
a+pB=ordp F

We say that F' is homogeneous in X —a and Y — b if F' = in,F for p = (a,b).

Let V C C? be an affine curve with minimal polynomial F = F(X,Y’). We put ord,V =
ord,F' (the multiplicity of V' at p). The lines passing through p given by the equation
in,F' = 0 are called tangents to V' at p. Thus the curve V' has at most ord,V tangents at
p. We put Cp(V) = V(in,F) (the tangent cone to V' at p).

Theorem 2.1 (Geometrical characterization of multiplicity)

Let V' be an affine curve of degree n > 0 and let m = ord,V be the multiplicity of V' at a
given point p € V. Suppose that all components of V' passing through p are of degree > 1.
Let L be a line passing through p. Then we have



(a) #(VA{p})NL)<n—m,
(b) #((V\{pH)NL) <n-—mifLeCyV),
(c) the set of lines L passing through p such that #((V \ {p}) N L) < n —m is finite.

Proof

Let F = F(X,Y) be the minimal polynomial of V. For any line L : X = a+kT,Y =b+IT
passing through p = (a,b) we consider ®(T) = F(a + kT,b+ IT). It is easy to see that
Or(T)=Ft(k,1)T™ + ...+ (inp,F)(k,1)T™. Observe that

e ordg®y, > m with equality if and only if L ¢ C,(V),

o #((V\ {p}) < the number of nonzero roots of ®;(7) =0 < n — m, the equality is
strict if ordg® > m.

This proves properties (a) and (b). To prove (c) we need the following lemma.

Lemma 2.2 Suppose that F' = F(X,Y) is of degree n > 1 and has no multiple factors.
Let p = (a,b) € V(F) and suppose that there is no line L such that p € L C V(F). Then F
and D, F = (X — a)g—)}; + (Y — b)g—{; are relative prime.

We leave the proof of Lemma 2.2 to the reader (cf. the proof of Lemma 1.5).
We are now able to prove property (c). Note that by Lemma 2.2 the set V(F)NV (D,F)
is finite. Let us consider the lines passing though p and satisfying the conditions:

o VioeNLy =@,

o L ¢ CP(V)7
o LNV(F)NV(D,F) = {p}.

Obviously all but finite number of lines passing through p satisfy the above conditions.
From the first two conditions we infer that the polynomial ®7(7') is of degree n and has
n —m nonzero roots counted with multiplicities. We have to check that the third condition
implies that nonzero roots of ®,(T") are simple. To this purpose suppose that ®,(tp) = 0 and
(d®r,/dT)(ty) = 0 for a tg € C. Let xg = a+ kto, yo = b+ ltg. Then, we have F(zg,y0) =0,
kg—)};(xo,yo) + lg—g(m’o,yo) = 0 and consequently (zo,y0) € LNV (F) NV (D,F) = {(a,b)}
which implies tg = 0. This proves (c) m

As an example of the above characterization of multiplicity we will deduce the following

Theorem 2.3 Let V' be a polynomial curve with parametrization (P(T),Q(T')) and p =
(P(to),Q(to)) € V. Then ordpV = min(ordy, P, ords, Q).

Proof. We may assume that ¢{c = 0, p = (P(0),Q(0)) = (0,0) and degV > 1. By
Theorem 1.7 we have that n := degV = max(deg P,deg Q). Let m = min(ordyP, ordoQ).
To check that ordgV = m it sufficies to prove that for any line L passing through 0 we have
#((V\{0})NL) < n—m with equality for all but finite number of lines passing through 0.

Let L be a line with equation {X —kY = 0. The points of the set (V' \{0})NL correspond
to the nonzero roots of the equation | P(T) — kQ(T") = 0. Therefore #((V \ {0})NL) <
deg(l P(T) — kQ(T)) — ordo(I P(T) — kQ(T)) < max(deg P, deg Q) — min(deg P, deg Q) =
degV — m. To finish the proof we have to show that for all but finite number of lines
L =V (IX — kY) the equation | P(T) — k Q(T") = 0 has exactly n — m nonzero roots.

The reader will check



Lemma 2.4 Suppose that the polynomials P(T'),Q(T) € C[T] are linearly independent.
Then P(T)Q'(T) — P'(T)Q(T) # 0 in C[T].

Since deg V' > 1 the polynomials P(7") and Q(T) are linearly independent and the set
{teC: Pt)Q'(t) — P'(t)Q(t) = 0} is finite. Now, it suffices to observe that for all but a
finite number of lines L = V(IX — kY') the following conditions hold

o deg(IP(T)—-kQ(T)) =
e ordg(I P(T) — kQ(T)) =

e Let ty,...,ts be nonzero roots of the equation P(T)Q'(T) — P'(T)Q(T) = 0. Then L
does not pass through the points (P(t1), Q(t1)), - .., (P(ts), Q(ts))-

Let V be an affine curve with minimal polynomial F = F(X,Y’). A point p = (a,b) € V is

a singular point of V' if
OF oF

ox 0 = Gy
Obviously p is singular < ord,V > 1.

oy (a:0) =

Proposition 2.5 The set of singular points Sing V' of the curve V is finite.
Proof. Clearly SingV C V(F) NV (k3% +12E). Use Lemma 1.5 w

Proposition 2.6 If a polynomial curve V has a regular parametrization (P(T),Q(T)) i.e.
(P'(t),Q'(t)) # (0,0) fort € C then SingV = &.
Proof. Use Theorem 2.3 m

To end with let us quote

Theorem 2.7 (Lin-Zaidenberg)
A polynomial curve has at most one singular point.

Proof. See V. Lin and M. Zaindenberg, An irreducible simply connected algebraic curve
in C? is equivalent to a quasihomogeneous curve. Dokl. Akad. Nauk SSSR 271(1983),
1048-1052.

3 Formal power series

A formal power series in two variables X, Y is an expression of the form ) c,gX @Y B where
cap € C for a, 3 =0,1,.... The set of all power series in X, Y is denoted by C[[X,Y]]. We
define

addition, D aapX VP4 bapXYP = (aap + bapg) XY,

scalar mult., a Z aaﬁXaYB = Z(a aag)XaYﬁ,

multiplication, (Z aaﬂXaW) (Z baﬁxayﬁ) = ( 3 aalﬁlbam)xayﬁ.

—+ =
o0 G115

With these operators C[[X, Y]] becomes a C — algebra that includes the polynomial algebra
C[X,Y]. Let F(X,Y) = capXY? € C[[X,Y]]. We put

F(O, 0) = C00,



ord F' = inf{a+ 3 : cqp # 0},

inF = Z capXY"P.
a+pB=ord F

By conventions: ord0 = +o0, in0 = 0. We have ord(F + G) > inf{ord F,ord G} with
equality if ord F' # ord G and ord F'G = ord F' + ord G. The ring C[[X,Y]] has no zero
divisors. A power series U = U(X,Y) is a unit in C[[X,Y]] (i.e. UV =1 for a power series
V =V(X,Y)) if and only if U(0,0) # 0. We write F' ~ G if there is a unit U such that
G=UF. If G = G(Xl,ifl) € C[[Xl,Yl]] and F; = Fl(X, Y), Fy = FQ(X, Y) are without
constant terms then the substitution G(F1(X,Y), F5(X,Y)) is well defined and has usual
properties. Moreover we define %angXaYﬁ = ZacaﬁXaleﬁ, B%angXaYﬁ =
> BeapXYP L I F =3 capXY? then

1 9otBR

Similarly, we define the formal power series in one variable X. The set of all power series
of the form ) a, X" is denoted by C[[X]]. Clearly C[[X]] C C[[X,Y]] and any power series
F = F(X,Y) € C[[X,Y]] can be written in the form F = Y F,(X)Y" where F,(X) €
C[[X]] for v > 0.

Let r,s > 0 and put |Fl|, s = > |capr®s® for F = Y cagY*YP. A power series F is
convergent if |F|, s < +oo for some r,s > 0. The set of convergent power series is denoted
C{X,Y}. Then C{X,Y} is a subalgebra of C[[X,Y]]. If G € C{X1,Y1} and Fy,F» €
C{X,Y} are without constant terms then G(F}, F») € C{X,Y}. Moreover, %C{X, Y} C
C{X,Y} and ;2 C{X,Y} C C{X,Y}. A power series U = U(X,Y) € C{X,Y} is a unit in
C{X,Y} if and only if it is a unit in C[[X, Y]].

Let k > 0 be an integer. We say that F' =) F,(X)Y"” € C[[X,Y]] is distinguished in
Y (with order k) if ord F(0,Y) = k i.e. F(0,Y) ~ Y*. A polynomial Y* 4 A;(X)Y*~1 +
oo+ AR(X)C[[X]][Y] is called distinguished if A;1(0) = ... = Ax(0) = 0. In what follows
we formulate the theorems for the case of convergent power series.

Theorem 3.1 (Spéth Division Theorem)
Let F = F(X,Y) € C{X,Y} be distinguished in' Y with order k > 0. Then for every power
series G = G(X,Y) € C{X,Y} there exist unique Q € C{X,Y} and unique R € C{X}[Y]
with degy R < k such that

G=QF+R.

Proof. O. Zariski and P. Samuel, Commutative Algebra, vol. II.

Theorem 3.2 (Weierstrass’ Preparation Theorem)

Let F = F(X,Y) € C{X,Y} be distinguished in Y with order k > 0. Then there exists
unique distinguished polynomial W = W (X,Y) =Y  + Ay (X)Y*1 4. 4+ Ap(X) of degree
k such that F ~ W.

Proof. We deduce Theorem 3.2 from Theorem 3.1. Let us apply the division theorem to
G =Y* and F. Then Y* = QF + R where R € C{X}[Y] is of degree in Y less than k.
Let W = Y*¥ — R. Then W = QF and ord W(0,Y) = ord Q(0,Y) + ord F(0,Y). Since
ordW(0,Y) < k and ord F(0,Y) = k then we get ordQ(0,Y) = 0 i.e. Q(0,0) # 0 and
ord W(0,Y) = k. Thus F ~ W. The uniqueness follows from the uniqueness of @ and R
in the division theorem m



Corollary 3.3 (Implicit function theorem)
Let F = F(X,Y) € C{X,Y}, where F(0,0) = 0 and 2—5(0,0) # 0. Then there is exactly
one series ¢ € C{X} such that p(0) =0 and F(X,p(X)) =0.

Theorem 3.4 (Hensel’s lemma)

Let F(X,Y) = Y" + F(X)Y" ! + ...+ F,(X) € C{X}[Y] be a polynomial of degree
n > 0 such that F(0,Y) = (Y —c)™ ... (Y — ¢,)", where ¢; # c; for i # j. Then
FO,Y)=Wi(X,)Y —c1)... Ws(X,Y — 1) in C{X}[Y] where W; = W;(X,Y}) are distin-

guished polynomials of degree n; for j =1,...,s.

Proof. We proceed by induction: for s = 1 there is nothing to show. Let s > 1 and
consider FI(X,Y1 + ¢1) € C{X,Y1}. It is a distinguished in Y; power series with order
ny > 0. Therefore F(X,Y] +¢1) = W1 (X, Y1)Q(X, Y1) where Q(X,Y) is a unit. We check
that Q(X,Y7) is a polynomial in Y] and F(X,Y) = Wi (X,Y —1)Q(X,Y — ¢1). We have
QY —c1)=(Y =) ... (Y —¢c,)" where ¢y, = ca — ¢y, ..., ¢, = cs — c1. If suffices to
apply the induction hypothesis to Q(X,Y —c1) m

Corollary 3.5 Suppose that the polynomial F(X,Y) =YY"+ Fp(X)Y" 2+ ...+ F,(X) €
C{X}[Y], n > 1 is not distinguihed i.e. F'(0,Y) # Y™ (note that the coefficient of Y™ is
zero!). Then F' is reducible i.e. it is a product of polynomials of lower degree.

Proof. The polynomial F'(0,Y) € C[Y] has at least two different roots in C (if F/(0,Y) =
(Y — ¢)™ with ¢ # 0 then the coefficient of Y"1 is # 0). Use Hensel’s lemma m

Theorem 3.6 (Puiseux’ Theorem, first version)
Let F(X,Y)=Y"+ Fy(X)Y" ! + ...+ F,(X) € C{X}[Y]. Then there exists an integer
e >0 and a power series Y(T) of one variable T such that F(T¢,¢(T)) = 0.

Proof. Suppose that n > 1 and that Puiseux’ theorem is true for all polynomials of
degree < n. Substituting ¥ = Y+1F(X) we get F(X,Y)=Y"4+E(X)Y" 24, +F,(X).
Therefore we may assume in the sequel that F7(X) = 0. If F'(0,Y") # Y™ then F is reducible
by Corollary 3.5 and the theorem is true for F' by induction hypothesis. Let us suppose that
F is distinguished and F(X,Y) ZY". Let I ={i € [2,n]: F;(X) # 0 in C{X}} and write
miniel{%ord F} = g with coprime integers p,q > 0. Let X1,Y; be new variables. Inserting
X = X%and Y = XPY; to F(X,Y) we get F(X?, XPY;) = XP"YP + Fy(XO) X" 2yp—2 4
A F (XY = XPMFL (X1, V1) in C{ X1, Y1} since ord Fy(X2) X" = (ord F})q+p(n—i) >
(i%)q + p(n —1i) = pn for i > 2. Moreover, there is i > 2 such that ord Fi(Xf)Xf(n_Z) = pn.
Therefore the polynomial F}(X1,Y1) = Y{" + ... satisfies the assumptions of Corollary 3.5
and is reducible. Applying the induction hypothesis to a factor of Fy(X1,Y7) we get an

integer e; > 0 and a power series t1(T") such that Fy(T°',41(T)) = 0. Consequently
F (T, TPy (T)) = 0 and it suffices to take e = e;q and (T') = TPy (T).

4 Parametrizations

Let T be a variable. A parametrization is a pair (¢(T"), 1 (T")) of convergent power series such
that ¢(0) = 1(0) = 0 and ¢(T') # 0 or ¢(T') # 0. Two parametrizations (p(T'),%(T)) and
(¢1(T1),4¢1(T1)) are equivalent if there exists a convergent power series 7(71), ord 7(7T') = 1
such that o(T') = p1(7(T)), ¥(T) = Y1(7(T)). A parametrization (¢(T),(T)) is good if
there does not exist 7(7"), ord 7(7") > 1 and a parametrization (¢1(71),1(71)) such that
o(T) = e1(r(T)), P(T) = tha (7(T)).



Property 4.1 Any parametrization (o(T),1(T)) with o(T) # 0 is equivalent to a parame-
trization of the form (T7',41(11)).

Proof. Let n = ord o(T'). Write o(T') = T"U(T') with U(0) # 0. Using Hensel’s lemma we
check that there exists a power series V(T') such that U(T") = V(T')". Let 7(T) =T V(T).
Since ord 7(T') = 1 we may write ¥(T') = ¥1(7(T')) where 11 (T1) is a power series. The
parametrization (¢(7"),v (7)) is equivalent to the parametrization (77", 11(71)) m

Property 4.2 A parametrization of the form (T", c;T™ 4+coT™ +...) where c1,c2,... # 0
is good if and only if gcd(n,ny,ne,...) = 1.

We leave to the reader the proof of Property 4.2.

A parametrization of the form (77, c1T™ + coT™ + ...), where ged(n,ni,ng,...) =1
is called Puiseux’ parametrization. The expression ¢; X™/™ + ¢o X2/ 4 called Puiseux’
series is frequently used instead of Puiseux parametrization. Let U(n) ={e € C: " = 1}.

Property 4.3 Let (T™,%(T)) be a Puiseuzr’ parametrization. Then ¥ (e1T) = 1 (e2T) for
e1,e2 € U(n) implies e1 = 9.

Proof. From t(e;T) = 9(e2T) it follows ¢(eT) = (T) where ¢ = e16,'. Therefore
it suffices to check that i (eT") = ¢ (T) implies ¢ = 1. Let (T) = c;T™ + 1™ + ...

with ¢1,c2,... # 0. From ¢(eT) = (T) we get e™ = 1, €™ = 1, .... Since e" = 1
and n,ni,ng,... have no common factor greater than 1, we can find an integer m and
integers a,ai,...,am, such that an + aijny + ... + amn, = 1. Consequently, we get € =

E(zn—l—alnl—l—...—l—amnm — (En)a(&.nl)al L (Enm)am _ 1 -

Proposition 4.4 Let (T",4(T)) be a Puiseuz’ parametrization. Then there exists a dis-
tinguished polynomial F(X,Y) = Y™ + Fy(X)Y" ! + ... + F,(X) such that F(T™",Y) =
[[.n (Y —9(eT)). The polynomial F(X,Y) is irreducible in C{X}[Y].

Proof. Let us begin with the following

Claim. Let H(T') be a power series of one variable such that H(eT) = H(T) for all
¢ € U(n). Then there exists a power series Hy(Tp) such that H(T) = Ho(T™).

Proof of the claim. Each series H(T) of one variable can be written in the form H(T') =
Ho(T™) + Hi(T™)T + ... + H,_1(T™)T" !, Let € € U(n) be a primitive root of unity and
suppose that H(eT) = H(T). Then Hy(T™)ek = Hy(T™) for k = 0,...,n — 1 which implies
H,(T") =0 for k> 0since e® #1for k=1,2,...,n—1m

To prove the proposition consider the product

[T v =wEn)=y"+R@Y" " +... + F.(T).
e€U(n)

It is easy to check that [} (eT) = Fy(T) for all e € U(n) and k = 1,...,n. By the claim we
get Fi,(T) = Fj,(T") and it suffices to take F(X,Y) =Y" 4+ F|(X)Y" ! + ... + F,(X).

To check that F'(X,Y) € C{X}[Y] is irreducible suppose that G(X,Y) divides F(X,Y).
Then G(T™, v (e1T)) = 0 for a root &1 € U(n) and substituting ec;* for T, ¢ € U(n) shows
that G(T",¢(eT)) = 0 for ¢ € U(n). From Property 4.3 it follows that [].c;,)(Y —
Y(ET)) = F(T",Y) divides G(T™,Y) which implies that F/(X,Y") divides G(X,Y). Thus
we get G(X,Y)=F(X,Y)n
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Theorem 4.5 (Puiseux’ Theorem, second version)
Suppose that F = F(X,Y) =YY"+ F(X)T" ! +...+ F,(X) is a distinguished polynomial,
irreducible in C{X}[Y]. Then there is a Puiseuz’ parametrization (T™,(T)) such that

F(I™Y)= ] (¥ =9(D)).

ecU(n)

Proof. According to the first version of Puiseux’ theorem there exist an integer e > 0 and
a power series 1(T') such that F(T¢,¢(T)) = 0. Since F is distinguished we have 1(0) = 0.
Let e > 0 be the minimal integer such that F(T° ¢ (T)) = 0 for a series 9(T"). Then
(T€,4(T)) is a Puiseux’ parametrization by Property 4.2 and from Proposition 4.4 easily
follows that e =n m

Using the Weierstrass Preparation Theorem and Puiseux’ Theorem we get

Theorem 4.6 (Normalization Theorem)
Let F = F(X,Y) be an irreducible power series. Then there exists a good parametrization
(p(T),(T)) such that F(o(T),¢¥(T)) = 0. Any two such parametrizations are equivalent.

5 Local analytic curves

Convergent power series defined functions in neighbourhoods (nbhds) of the origin, and the
size of the nbhd depends on the series. Let F' € C{X,Y} be a nonzero power series without
constant term, convergent in a nbhd ¢ of 0 € C2. We put V(F,U) = {(z,y) € U : F(x,y) =
0}. Using the Weierstrass Preparation Theorem and well-known properties of polynomials
we check

Lemma 5.1 Let U be a sufficiently small nbhd of the origin (i.e. such that all considered
power series are convergent in U). Then

(a) The sets V(F,U) and U\ V(F,U) are infinite.
(b) If F,G are relatively prime then the set V(F,U) NV (G,U) is finite.
(¢) If F has no multiple factors and V(F,U) C V(G,U) then F divides G.

In what follows we are interested in properties of V(F,U) which does not depend on the
nbhd Y. Observe that if F' and G have no multiple factors then V(F,U) = V(G,U) for a
nbhd of 0 € C? if and only if F ~ G. The above observation leads to the following

Definition 5.2 Let F = F(X,Y) € C{X,Y} be a nonzero power series without constant
term. Then the local (analytic) curve {F = 0} is the set

{GeC{X,)Y}: G~ Fin C{X,Y}}.

Note that {F} = 0} = {Fy = 0} if and only if F; ~ F». The local curve {F = 0} is
called reduced (resp. irreducible) if the power series F' has no multiple factors (resp. is
irreducible). The local irreducible curves are also called branches. In what follows we say
that the set V(F,U) represents the local reduced curve {F = 0} in the nbhd Y. Two local
reduced curves {F' = 0} and {G = 0} are analytically equivalent (a.e.) if there exists a pair
of convergent power series ®(X,Y) = (aX +bY +...,cX +dY +...) where ad — bc # 0
such that F o ® ~ G. This is equivalent to the following condition: there exist nbhds U, U’
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of 0 € C? and a bianalytic mapping & — U’ which maps the set representing {F = 0} in I/
on the set representing {G = 0} in U’. A local curve {F = 0} is singular of multiplicity m if
m = ord F' > 1. Any nonsingular local curve (of multiplicity 1) is a.e. to the line {Y = 0};
any local curve of multiplicity 2 is a.e. to the local curve {Y? — X*¥ = 0} where k > 2. A
function defined on the set of reduced local curves is an analytic invariant if it is constant
on a.e. curves. For any local curves {F' = 0}, {G = 0} we define the intersection number
io(F,G):

Definition 5.3 Let F,G be nonzero power series without constant terms and let F' =
Fy...F, in C{X,Y} with irreducible factors F;, i = 1,...,m. Let (p;(T;),%;(T;)) be a
good parametrizations such that F;(¢;(T;),¢i(T;)) = 0 in C{T;}. Then

ZOI"dG 901 wz( z)) :

The following properties of intersection multiplicity are basic for us.
(i) io(F, @) = 400 if and only if F' and G have a common factor in C{X,Y},
(ii) io(F,G1G2) = io(F,G1) +io(F, Ga),

(iii) io(F,G+ HF) =io(F,G),

(iv) io(F,G) = io(G, F),

(v) f &(X,Y) =(aX +0Y +...,cX +dY +...) where ad — bc # 0 then

iQ(Foq),GO(I)) = Zo(F,G) 5

(vi) io(F,G) = 1 if and only if 9%(0,0)9£(0,0) — 2£(0,0)95(0,0) # 0.

In what follows we put io(F,G) = 0 if F(0) # 0 or G(0) # 0. The reader will find the
detailed proofs of the above properties in A. Ploski, Introduction to the local theory of plane
algebraic curves, in Analytic and algebraic geometry (eds T. Krasinski and St. Spodzieja)
L6dz University Press, Lodz 2013.

6 The Milnor number

For every nonzero power series F' € C{X,Y} without constant term we define the Milnor
number OF OF
Fy=iy| =—=,— ] .
po(F) =g <8X’ 8Y>
Note that puo(F) < +oco if and only if F' has no multiple factors. We will get the main
properties of the Milnor number from Teissier’s lemma:s:

Lemma 6.1 Let F = F(X,Y) be an'Y — distinguished power series with no multiple factors.
Then

. OF .
10 <F7 8Y> = po(F) +io(F,X)—1.
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Proof. If 2—5(0,0) # 0 then the lemma is obvious. Let g—{; = G1...G; with irreducible
G1,...,Gs € C{X,Y} and let p,(T;) = (vi(T3),¥(T;)) be a good parametrization of the
branch Gi(X,Y) = 0. From 9 (pi(T:)) = 0 in C{Ti} we get - F(pi(Ty)) = 9% (pi(Ty) %5,
hence ord F(p;(T;)) = ord g—)ﬁ;(pi(ﬂ)) +ordo(T;) for i = 1,...,s. Using the definition of
intersection multiplicity we get

io (F gi) =3 in(F.G) =3 ord Fip(T)
=" ord P2 (i) + Y ord (1)
=1 =1

. [OF °. , OF
:;ZO <8)(’GZ> + ;ZO(X, Gz) = ,LLO(F) +ZO (X, W)
:,UJQ(F)+710(F,X)*1

Property 6.2
(a) IfP(X,Y) = (aX+bY +...,cX+dY +...) where ad—bc # 0 then po(F') = po(Fo®).
(b) If G ~ F then puo(G) = puo(F).

Proof. The proof of (a) we leave to the reader. To check (b) assume that F is Y —
distinguished. We have io(F, 0F/0Y) = ig(G,0G /Y ) and io(F, X) = i9(G, X) by proper-
ties of intersection numbers. Therefore (b) follows from Teissier’s lemma m

Property 6.3 If F = I ... F,, is a product of pairwise coprime F; then

po(F)+m—1=> po(F)+2 Y io(F; Fy).
=1

1<i<j<m

Proof. By basic properties of intersection numbers we get

(1 OF OF; .
10 <F78}/> = ;’Lo (E, W) + 2 Z lo(Fi,Fj) .

1<i<j<m

To obtain the formula it suffices to apply Teissier’s lemma to power series F, Fy,..., F, m

Let F = F(X,Y) € C{X,Y} be an irreducible power series of order n > 1. We may assume
that F' = Y™ + terms of order greater than n. Let Y] be a new variable. A power series
F, = F1(X,Y7) is a proper transform of F(X,Y) (by the quadratic transformation ¥ =
XY, X =X)if F(X,XY1)=X"Fi1(X,Y1). Note that ord F1(0,Y1) = ord F(0,Y) = n.

Property 6.4 If F is an irreducible power series, Fy its proper transform then uo(F) =
(ord F)(ord F' — 1) + po(F1).

Proof. If p(T) = (T, (1)) is a Puiseux’ parametrization of F'(X,Y) = 0 then ord ¢(T") >
n and p1(T) = (T",¢(T)/T") is a Puiseux’ parametrization of F}(X,Y;) = 0. A simple
computation shows that io(F,0F/0Y) = io(F1,0F1/0Y1) + n(n — 1), hence puo(F) = n(n —
1) + puo(F1) by Teissier’s lemma m

By repeated application of Property 6.4 we get
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Property 6.5 For every irreducible power series F' € C{X,Y} there exist a sequence of
irreducible series Fy, . .., Fys such that Fy = F, Fi+1 = 0 is a proper transformation of F; = 0
and Fy = 0 is nonsingular. Moreover, pio(F) =Y _;_,(ord F})(ord F; — 1).

Note that the above formula for po(F') implies that the Milnor number of a branch is always
an even number. Now, we may formulate the main result of this section.

Theorem 6.6 There is a unique analytic invariant §g defined on reduced algebroid curves
such that

(i) if ord F' =1 then §o(F') =0,

(ii) if F = 0 is an irreducible, singular curve then §o(F) = 3(ord F)(ord F — 1) + 8o(F})
where F1 = 0 is a proper transformation of F =0,

(iii) if F = Fy...F, is a product of pairwise coprime power series F; (r = r(F')) then

So(F) = do(Fy)+ Y io(F;Fy).
=1

1<i<g<r

Moreover, the Milnor formula puo(F) = 2060(F) —r(F) + 1 holds for any reduced local
curve F' = 0.

Proof. The uniqueness of dg follows immediately from Property 6.5 by induction on the
numbers of quadratic transformations needed to desingularize a branch. We prove simulta-
neously the existence of §y and the Milnor formula by putting §o(F) = 5(uo(F) +r(F) —1)
and by using the Properties 6.2, 6.3 and 6.4 m

Example 6.7 The reduced curve F' = 0 has an ordinary r — fold singularity if it has r
branches, all non-singular and intersecting each other with multiplicity 1. For such a curve
po = (r—1)? and 6y = %r(r —1).

For an elementary, intersection—theoretical approach to the local invariants of plane curve
singularities we refer the reader to Pi. Cassou-Nogues, A. Ploski, Invariants of plane curve
singularities and Newton diagrams, Univ. lag. Acta Math. Fasc. XLIX, 2011, pp. 9-34.

7 Puiseux characteristic

Let {F(X,Y) = 0} be an irreducible singular local curve. Assume that ord F'(0,Y) = ord '
(if F is irreducible then ord F'(X,0) = ord F or ord F(0,Y) = ord F') and let (T",¢(T)) =
(T", 1 T™ + T + ...) where cj,c¢2,... # 0 be a Puiseux’ parametrization such that
F(T",4(T)). Thenn=ord F > 1 and n <nj; < ng < .... Recall that gcd(n,n;, ne,...) =
1. A characteristic exponent is, by definition, each exponent ny, such that ged(n,ni,...,ng_1) #
ged(n,ny,...,ng). The set of characteristic exponents is finite; if f; < ... < (4 are all
characteristic exponents then we put fy = n and call the sequence (8, [1,...,5,) the
characteristic of the branch {F = 0}.

Let e, = ged(fBo, ..., 0k) for k=10,1,...,9. Thenn =€y >e1 > ... > eq1 > ey =1
is a sequence of divisors of the number n = ord F'. Let U(n) = {e¢ € C : ¢" = 1}. Then
U(n)=U(eg) DU(e1) D ... D U(eg) = {1} and U(eg—1) # U(eg) for k=1,...,9.

Property 7.1 Ife € U(eg—1) \ U(ex) then ord(¢(eT) — ¢ (T)) = Bk
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Proof. Fix k € {1,...,g} and write ¢(T) = (Tt + TP + ... (terms of order > B4)
where ¢ # 0. Then (¢T) — (T) = c(eP* — 1)TP + ... and ord()(eT) — ¢(T)) = By, since
Pr£1m

Proposition 7.2 Let {F(X,Y) = 0} be a singular branch with characteristic (5o, 1, . .., By)-
Then

g
= (ek1—er)B—Bo+1.
k=1

Proof. Assume that ord F'(0,Y) = ord F' and let (T",1(T")) be a Puiseux’ parametrization
such that F(T",1(T)) = 0. A simple computation shows that

oF
gy = LY —9(D)UTY) + (Y —(T)G(T,Y)
e#1
in C{T,Y} where U(0,0) # 0. Hence we get
. oF OF ",
io <F, 8Y> da—y (T Zord W(T))
e#l
g g
= #U(er-1) \U(er)Br = >_(er—1— ex)Bh
k=1 k=1
by Property 7.1. By Teissier’s lemma we get
F) =i FaF—FX Ty — By +1
po(F) =i { F, 50 | — ol —Zek 1= €ek)Br — Bo+ u

=1

Remark 7.3 If {F = 0} is a branch with characteristic (8o, 51, ..., 3y) then we put my =
Br/ek, i = ex—1/e for k=1,..., g and call (m1,n1),...,(mg, ng) the characteristic pairs
of the branch.

Two reduced local curves {F = 0} and {G = 0} have the same topological type if there
exist nbhds U, U’ of 0 € C? and a homomorphisms I/ — I/’ which maps the set representing
{F = 0} in U on the set representing {G = 0} in ’. In 1929, K. Brauner proved the
following theorem.

Theorem 7.4 Let {F = 0} be a singular branch with characteristic (B, ..., Bq). Then it
has the same topological type as the branch defined by Puiseux’ parametrization

X=T",
Y=T% 7% 4  +T%
In 1932, W. Burau and O. Zariski proved that the converse of the above theorem is true.

Theorem 7.5 Let {F = 0} be a singular branch. Then the Puiseux characteristic (B, . . ., Bq)
is an invariant of topological type of {F = 0}.

Finally, M. Lejeune-Jalabert and O. Zariski proved the following theorem

Theorem 7.6 Let {F = 0} be a reduced local analytic curve. Then the topological type of
{F = 0} is determined by the topological type of every irreducible component of {F = 0}
and all the pairs of intersection multiplicity of these components.
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From the properties of the Milnor number proved above (Property 6.3 and Proposition 7.2)
and Theorem 7.6 we get

Theorem 7.7 The Milnor number of a reduced local analytic curve is an invariant of topo-
logical type.

Let F(T, X,Y) be a convergent power series in three variables T', X, Y such that F(7,0,0) =
0 and for ¢t € C close to the origin the power series F; = F'(t, X,Y’) have no multiple factors.
In 1976 Le Dung Trang and Ramanujam proved

Theorem 7.8 If po(F;) = const for t € C close to 0 € C then the local analytic curves
{F; = 0} have the same topological type.
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